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FORECASTING AND MANAGING VOLATILITY:
AN S&P 500 CASE STUDY

Wei Dai?, Xing Hongb, Robert C. Merton®Y and Mathieu Pellerin®*

Using daily and intraday data from 1997 to 2023, we study strategies that stabilize volatil-
ity around a target by rebalancing between the S&P 500 and Treasury bills based on a
broad set of volatility forecasts. Somewhat counterintuitively, lower forecasting errors do

not necessarily result in more stable strategy volatility. Simple forecasts with fewer param-

eters can stabilize volatility as well as more complex models. In particular, combinations

of implied volatility and simple estimators based on past returns exhibit good volatility

control and lower turnover. On the implementation front, we show that the target volatility

strategies we study are viable in the presence of realistic trading costs, delays between

forecasting and rebalancing, or constraints on rebalancing frequency. Collectively, our

findings can help design target volatility strategies that improve upon portfolios with

constant target weights (e.g., a 60/40 portfolio) in achieving and maintaining investors’

desired volatility exposures over time.

1 Introduction

Portfolios with constant target weights (e.g., a
60/40 portfolio) pervade the asset allocations of
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both institutional and individual investors. The
target weights of different asset classes, such
as equities and fixed income, are often chosen
to reflect the amount of portfolio volatility an
investor is willing to take. The rationale behind
maintaining stable portfolio weights may stem
from the goal of maintaining stable volatility risk
exposure. However, this rationale is valid only if
asset risk characteristics are constant over time.

Since the volatility of assets is time-varying,
portfolios with static target weights can experi-
ence drastic changes in volatility. Therefore, to
maintain a desired volatility exposure, a better
alternative may be a rarget volatility (TV) strat-
egy that dynamically adjusts portfolio weights to
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stabilize volatility around a target. Such strategies
are feasible because volatility is persistent and
forecastable.

TV strategies may be relevant to a broad set of
investors. In principle, volatility targeting can be
overlaid on a wide range of investment strate-
gies, active and passive, to help reduce deviations
between desired and realized portfolio volatility.
Just as diversification across many securities can
lower unnecessary risks and reduce overall port-
folio volatility, volatility stabilization can lower
unnecessary fluctuations around a desired level
of volatility. This can lead to lower volatility of
volatility, providing investors with a more effec-
tive tool to pursue their investment objectives.
Volatility stabilization may also be desirable when
designing indices for use in structured products,
such as structured notes or fixed index annu-
ities (FIAs). In this last context, TV strategies
may reduce hedging costs for the issuing entity
and result in more attractive payoffs to the end
investor.

We study the effectiveness of volatility stabiliza-
tion for TV strategies based on a broad set of
volatility forecasts. In particular, we focus on
TV strategies that rebalance daily between the
S&P 500 and Treasury bills. Our main contribu-
tion is threefold. First, we show that, somewhat
counterintuitively, lower forecast errors do not
necessarily result in TV strategies with more
stable volatility. Second, we show that simple
estimators can achieve volatility control that is
competitive with more complex models, reduc-
ing volatility of volatility by up to 60-70%. Third,
we show that combining implied volatility, which
captures market expectations of future volatility,
with simple forecasts that use backward-looking
information, may improve volatility control and
reduce turnover. Collectively, our findings can
help design TV portfolios and indices that better
adhere to their target.

FIRST QUARTER 2025

We also explore the practical aspects of TV strate-
gies, including turnover and trading costs, as well
as rebalancing timing and frequency. Our findings
provide support for the viability of TV portfo-
lios based on liquid assets in the presence of
real-world frictions.!

Our work connects with the vast literature on
volatility estimation and forecasting, including
the use of intra-day returns (Ghysels et al., 2006;
Corsi, 2009; Liu et al., 2015; Patton and Shep-
pard, 2015; Bollerslev et al., 2018, among many
others) and implied volatility (Poon and Granger,
2003; Becker et al., 2007; Busch et al., 2011;
Bekaert and Hoerova, 2014; Todorov and Zhang,
2022). A growing literature also examines the
performance of TV portfolios (e.g. Lo, 2016;
Moreira and Muir, 2017; Cederburg et al., 2020),
with a focus on whether TV strategies lead to util-
ity gains or improvements in Sharpe ratios relative
to conventional portfolios. Our focus is different
but complementary. We seek to answer a prac-
tical question: When constructing a TV strategy,
what types of volatility forecasts are likely to help
the strategy adhere to its target while controlling
turnover and trading costs?

Section 2 illustrates the differences between tar-
get weight and target volatility strategies through
an example. Section 3 outlines our data sources
and evaluation framework. Section 4 presents our
three key results on forecast selection and volatil-
ity control. Section 5 explores implementation
considerations, while Section 6 concludes. The
Appendix contains a detailed description of our
methodology and some additional results.

2 Target Weights vs. Target Volatility
Strategies

Exhibit 1 shows the rolling monthly volatility
of a TV strategy with a 10% volatility target
and a static strategy with a fixed weight of 50%
in equity and 50% in one-month Treasury bills
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Exhibit 1. Rolling volatility for a 50/50 static strategy and a TV strategy with the same long-run volatility

of 10%.
50%

40%
30%
20% |

0%
2006

Rolling 21-day volatility

2010

TV (SQ-21d)

2014

Static

2018 2022

----- Target (10%)

The data runs from August 11, 2006 to November 30, 2023. The rolling volatility for each strategy is the standard deviation of log daily
returns over the rolling 21 days. Both strategies rebalance daily between the S&P 500 and one-month Treasury bills. The TV strategy
targets 10% volatility and uses the average of squared daily close-to-close log returns over the past 21 trading days as the volatility
forecast. See Appendix A for details about strategy construction. The static strategy has fixed weights (50% in equities and 50% in
one-month Treasury bills) that yield a volatility of 10% over the sample period.

that is calibrated to have 10% volatility over the
full sample period. The different objectives of
both strategies (stabilizing volatility vs. stabiliz-
ing weights) lead to sharp differences in realized
volatilities over time, especially around the global
financial crisis (GFC) and COVID-19. The TV
strategy’s rolling volatility stayed relatively close
to the target during these periods, while the static
strategy’s rolling volatility surged above 40%,
more than four times its long-term value.

In addition to having more volatility spikes,
the static strategy also undershoots its long-run
volatility over long periods; the rolling 21-day
volatility is as low as 3% in the 2010s. This
is because the allocation to equities does not
increase when volatility is low. By contrast, the
TV strategy had higher weights allocated to equi-
ties in those periods, as seen in Exhibit 2, which
substantially reduces undershooting relative to the

target. Even with a target volatility of 10%, half
the historical average for stocks, the TV strategy
leverages up (equity allocation above 100%) in a
significant proportion of the sample.

Overall, the volatility stabilization did not result
in lower equity exposure or lower returns. In fact,
the average equity allocation over the whole sam-
ple is 79% for the TV strategy, compared to 50%
for the static strategy. The annualized compound
return over the period, from August 11, 2006 to
November 30, 2023, is 8.5% for the TV strategy
and 6.0% for the static strategy.

The results are not predicated on complex fore-
casting techniques. The volatility forecast used
is simply the average of squared daily, close-to-
close log returns over the past month, similar to
Lo (2016) and Moreira and Muir (2017). That
said, TV strategies based on better forecasts
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Exhibit 2. Allocation to equities for a 10% TV strategy.
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The data runs from August 11, 2006 to November 30, 2023. Both strategies rebalance daily between the S&P 500 and one-month Treasury
bills. The TV strategy targets 10% volatility and uses the average of squared daily close-to-close log returns over the past 21 trading days
as the volatility forecast. See Appendix A for details about strategy construction. The static strategy has fixed weights (50% in equities
and 50% in one-month Treasury bills) that yield a volatility of 10% over the sample period.

can meaningfully improve volatility control in
our sample. Our key aim is to study the link
between forecast selection and volatility control
in target volatility strategies. We next present our
methodology and evaluation framework.

3 Methodology Summary

We consider a variety of volatility forecasts that
fall in two broad categories: standalone forecasts
and forecasts based on regression models. This
section briefly summarizes how we construct and
evaluate these forecasts and TV strategies built
upon them. Our full methodology is presented in
Appendix A. The standalone forecasts based on
daily returns include the equally-weighted aver-
age of squared daily close-to-close log returns
(labeled SQ-D) over the past week (five trading
days) or month (21 trading days), and the expo-
nentially smoothed (ES) average with smoothing
parameter A = 0.94. We also consider standalone
forecasts based on the intraday realized variance
(RV), calculated using five-minute log returns
from open to close, as well as the full-day RV

(FRV), which adds to RV the squared overnight
log return from close to next open, over 1-, 5-,
and 21-day lookback windows.

Regression-based forecasts include the hetero-
geneous autoregressive (HAR) model of Corsi
(2009), the mixed data sampling (MIDAS) model
of Ghysels et al. (2006), and the heterogeneous
exponential (HExp) model of Bollerslev et al.
(2018). Regressions are estimated daily on an
expanding window. The initial window has eight
years’ worth of trading days (8 x 252) ranging
from January 12, 1998 to August 10, 2006, the
second window ends on August 11, 2006, and
so on. Our sample begins in the late 1990s due
to the availability of intraday data, which is
used to construct RV/FRV and regression-based
forecasts.” Lastly, we use the daily close of the
VIX index as a standalone predictor or averaged
with other predictors. The averaging is motivated
by the additional information contained in the
forward-looking VIX relative to forecasts based
on historical information.

FIRST QUARTER 2025
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Some standalone forecasts can be expected to
undershoot or overshoot volatility on concep-
tual grounds. For example, intraday RV would
systematically underestimate because it does not
account for overnight price movements. On the
other hand, the VIX may overstate expected
volatility because it also contains a variance risk
premium. Accordingly, we follow Hansen and
Lunde (2005) and scale standalone forecasts by
the ratio between the running average of volatility
and the running average of the forecast of interest,
where running averages are computed on the same
expanding window as regressions and volatility is
measured as either full-day RV or squared close-
to-close returns. The regression-based forecasts
we consider use full-day RV as the response vari-
able, so the forecasts are naturally on the scale of
full-day RV. We also present regression forecasts
scaled to squared returns.

We use out-of-sample R? to evaluate forecasting
accuracy. Out-of-sample R? measures the reduc-
tion in mean squared error (MSE) of a forecast
of interest relative to the MSE of a naive fore-
cast (typically the average of past observations).
The MSE is based on one-step-ahead forecasts of
full-day RV over one day.

We construct target volatility portfolios that rebal-
ance daily between one-month Treasury bills and
the S&P 500 in order to stabilize volatility over
time around a target volatility of 10% annualized.
Given a forecast of the S&P 500’s daily volatil-
ity o, the asset weights and returns of the TV
strategy are given by the equations below. We
apply a leverage constraint of 150% to equity
weights (w;).

. < 10% . 5)
w; = min , 1.
! V2526,

RLY = wRes1 + (1 —w)R],,

The main metric we use to evaluate volatility con-
trol is the root mean squared error (RMSE) of
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the difference between the target volatility (10%)
and the rolling volatility of the strategy over a 21-
day window. A lower value corresponds to better
volatility control. For ease of exposition, we will
sometimes refer to this measure as the volatility
of volatility (vol-of-vol), even though the mea-
sure captures both vol-of-vol (deviations around
the long-term volatility of the strategy) and bias
(the gap between long-term volatility and target
volatility).

The strategy returns run from August 11, 2006
to November 30, 2023. This period features the
global financial crisis, COVID-19, heightened
volatility in 2022, as well as relatively calm
periods in the 2010s. Therefore, our setup may
be informative about the forecasting accuracy
and volatility control of different forecasts across
varying volatility levels.

4 Forecast Selection and Volatility
Control

4.1 Forecasting accuracy and volatility
control

Exhibit 3 plots the volatility control measure
against out-of-sample R? across all standalone
and regression-based volatility forecasts. The
overall negative correlation suggests that higher
out-of-sample R? is associated with lower vol-of-
vol, though the relation is weak. Several forecasts
with similar out-of-sample R? lead to sharply
different volatility control.

The disconnect arises because of the differing
impacts of forecasting errors on out-of-sample R>
and volatility control. Since the out-of-sample R?
is based on the mean squared error, overestima-
tion and underestimation of the same magnitude
will have the same impact. In contrast, underesti-
mation can have a bigger impact on the vol-of-vol.
Because equity weight in the TV strategy is pro-
portional to the inverse of the forecast (1/x),
when the leverage constraint is not binding, for
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Exhibit 3. Out-of-sample R? vs. vol-of-vol.
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The data runs from August 11, 2006 to November 30, 2023. The
charts show the out-of-sample R? and the vol-of-vol measure
(RMSE of rolling 21-day volatility relative to target) across all
standalone and regression-based volatility forecasts based on two
types of scaling (scaling to full-day RV or squared daily returns).
See Appendix A for more details on the volatility forecasts and
evaluation measures.

the same magnitude of forecasting error, under-
estimation increases equity weight more than
overestimation decreases it.

Consider a TV strategy with a 10% target, true
equity volatility of 50%, and a forecast of 40%:
The equity weight of the strategy would be 25%
when it “should” have been 20%, and the volatil-
ity of the TV strategy will be 25% * 50% =
12.5%, 2.5% higher than the target of 10%. If
the forecast 1s 60% instead, the equity weight
would be 16.67% and the strategy volatility is
16.67% % 50% = 8.33%, 1.67% lower than the
target. Although the magnitude of the over- and
underestimation is the same (both 10%), the devi-
ation of the TV strategy’s volatility from target is
larger with underestimation.

Moreover, forecasting errors of the same magni-
tude have a bigger impact on volatility control dur-
ing calmer periods than during volatile periods.
Continuing with the case of an underestimation
of 10%, consider a true equity volatility of 20%
instead of 50%. In this case, the volatility fore-
cast is 10%, the equity weight is 100%, and the
strategy’s volatility is 100% * 20% = 20%, 10%

FIRST QUARTER 2025

higher than the target of 10% (vs. 2.5% higher
than the target in the example above).

In Appendix B, Exhibit B.1 shows that while
switching to a forecasting evaluation metric that
scales forecast errors by the volatility level
and penalizes underestimation more severely
(QLIKE) helps to address some of these issues,
there is still considerable noise in the rela-
tion between forecasting accuracy and vol-of-vol.
These results provide a rationale for focusing on
volatility control when selecting forecasts to build
a TV strategy.

4.2 Standalone vs. regression-based
forecasts

Exhibit 4 shows the vol-of-vol measure across
different TV strategies. Parentheses in the labels
denote the lookback window for standalone esti-
mators and forecasting horizon for regressions.

All TV strategies achieve meaningful reduction
in vol-of-vol relative to the static strategy, with
reductions ranging from 40% to 70%. Focusing
on the “Not averaging with VIX” columns, one
main takeaway is that forecasts based on variants
of five-minute RVs seem to achieve better volatil-
ity control than those that do not use intraday data,
especially when scaled to squared daily returns.
Interestingly, the different types of scaling seem
to have a bigger effect on standalone forecasts
than on regression-based forecasts.

When scaled to squared daily returns, full-day
or intraday RV with short lookback windows
(one and five days) are competitive with the best
regression-based forecasts. Although the VIX and
estimators based on squared daily returns (SQ-
D and ES) perform worse than RV estimators
with short lookback windows, they still reduce
the vol-of-vol measure by about half.

To help interpret the numbers provided in
Exhibit 4, Exhibit 5 shows the rolling volatility of
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Exhibit 4. Vol-of-vol of TV strategies based on standalone and regression-based forecasts.

Scaled to full-day RV Scaled to squared daily returns
Not averaging Averaging with Not averaging Averaging with

with VIX VIX with VIX VIX
Static 6.1%
Standalone
SQD (5d) 3.6% 2.4% 2.9% 2.1%
SQD(21d) 3.5% 2.7% 3.0% 2.5%
ES 3.2% 2.7% 2.9% 2.6%
FRV (1d) 2.9% 2.3% 2.2% 2.1%
FRV (5d) 2.4% 2.3% | 20 | 2.2%
FRV (21d) 3.2% 2.7% 2.9% 2.6%
Intraday RV (1d) 3.1% 2.4% 2.4% 2.2%
Intraday RV (5d) 2.8% 2.4% 2.2% 2.2%
Intraday RV (21d) 3.6% 2.8% 3.1% 2.6%
VIX 2.8% 2.8% 2.8% 2.8%
Regression-based
HAR (1d) 2.2% 2.4% 2.1% 2.4%
HAR (5d) 2.4% 2.5% 2.4% 2.5%
HAR (21d) 2.8% 2.7% 2.9% 2.8%
HExp (1d) 2.2% 2.4% 2.1% 2.4%
HExp (5d) 2.3% 2.5% 2.4% 2.5%
HExp (21d) 2.6% 2.6% 2.8% 2.7%
MIDAS (1d) 2.2% 2.4% 2.2% 2.4%
MIDAS (5d) 2.3% 2.5% 2.4% 2.5%
MIDAS (21d) 2.7% 2.7% 2.9% 2.8%
Mean 2.8% 2.5% 2.6% 2.5%

The data runs from August 11, 2006 to November 30, 2023. The table shows the vol-of-vol measure (root mean squared error of rolling
21-day volatility from target) for TV strategies based on all standalone and regression-based volatility forecasts using two types of scaling
(scaling to full-day RV or squared daily returns) as well as the simple averages of VIX and each of the forecasts. See Appendix A for

more details on the volatility forecasts and strategy construction.

returns for TV strategies based on two forecasts:
SQ-D (21d) and FRV (5d), both scaled to squared
returns. The vol-of-vol values are 3.0% and 2.0%,
respectively. The strategy based on FRV (5d) very
rarely exhibits rolling volatility over 15%, while
SQ-D (21d) reaches the 20% threshold, twice
the target volatility, on several occasions. This
example confirms that while the difference in vol-
of-vol between TV and the static allocation is the
most dramatic, differences between TV strategies
based on different forecasts are significant too,
hence our emphasis on the link between forecast
selection and volatility control.

So far, we have not considered turnover and
trading costs. Their impact is especially relevant
for forecasts with very short lookback windows
(such as one day) that produce attractive volatility
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control but may result in excessive turnover. We
address the issue in Section 5.

4.3 Averaging with VIX

Theoretically, the VIX captures the expected
volatility of the S&P 500 index over the next
month. Since it embeds the forward-looking
expectations of market participants, it should be
a better predictor of S&P 500 volatility than
measures that rely solely on backward-looking
information. However, we find that the VIX is
not the best predictor for the next-day S&P 500
volatility and does not lead to the most effec-
tive volatility control. This may be caused by
the horizon discrepancy between the VIX (next
month) and our forecast target (next day), the
approximation errors inherent in the construction

FIRST QUARTER 2025
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Exhibit 5. Rolling volatility of TV strategies based on two different forecasts with the same target volatility
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The data runs from August 11, 2006, to November 30, 2023. The rolling volatility for each strategy is the standard deviation of daily
returns over the rolling 21 days. Both strategies rebalance daily between the S&P 500 and one-month Treasury bills. The TV strategies
target 10% volatility. The gray line, SQ-D (21d), uses the average of squared daily, close-to-close log returns over the last 21 trading
days, scaled to squared returns, as the volatility forecast. The blue line, FRV (5d), uses the average of full-day RV over the last five days
scaled to squared returns. See Appendix A for details about strategy construction.

of VIX, or the presence of a time-varying risk
premium in implied volatility.?

However, combining backward- and forward-
looking information about volatility may still pro-
duce better volatility forecasts than those based
on past data alone. Indeed, past studies have
shown that combining forecasts based on histori-
cal data with option-implied measures of market
expected volatility may lead to better predictions
(Poon and Granger, 2003 and references therein;
Todorov and Zhang, 2022). Moreover, studies
show that simple averages of forecasts often out-
perform more complex combinations (Diebold
and Shin, 2019 and references therein). Moti-
vated by this evidence, we explore the effect
of averaging with implied volatility on volatility
control for both standalone and regression-based
estimators.

As shown in the “Averaging with VIX” columns
of Exhibit 4, the addition of the VIX reduces

FIRST QUARTER 2025

vol-of-vol for most standalone forecasts, with the
exception of five-day intraday and five-day full-
day RV scaled to squared returns. The reduction
is especially pronounced for forecasts with the
lowest performance. For example, the average of
SQ-D (5d), i.e., daily squared returns over the last
five days, and the VIX (scaled to squared returns)
yields a vol-of-vol measure of 2.1%. This value is
not only meaningfully lower than either estimator
taken alone (2.8% for the VIX, 2.9% for the SQ-D
(5d)), but also the second lowest in the entire table.
Notably, this estimator does not require the use of
intraday data, which may be attractive when the
use of intraday data is impractical.

For regression-based estimators, the effect of
averaging with the VIX on volatility control is
more muted and mixed. We see slight improve-
ments for regression models with a forecasting
horizon of 21 days but slight impairments for
those with a forecasting horizon of one or five
days.

JOURNAL OF INVESTMENT MANAGEMENT
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5 Implementation Considerations

In this section, we explore the practical aspects
of TV strategies, including their turnover, trading
costs and rebalancing methodology. For brevity,
we show results for a subset of nine strate-
gies that are representative of the full set: the
1-, 5-, and 21-day averages of full-day RV, on
their own and averaged with the VIX, as well
as the HAR model with forecasting horizons of
1, 5, and 21 days. The VIX is scaled to full-
day RV, while other estimators are naturally on
that scale. This subset covers both standalone
estimators and regression-based estimators. The
different lookback windows and forecasting hori-
zons allow us to explore the tradeoffs between
forecast responsiveness and stability. The inclu-
sion of VIX averaging allows us to explore how
averaging forecasts may affect implementation.

5.1 Rebalancing timing and frequency

Due to implementation constraints, there may be a
gap between when a volatility forecast is available

and when rebalancing can be carried out. The first
two columns of Exhibit 6 compare the volatil-
ity control achieved under rebalancing with the
latest information vs. a forecast lagged by one
day. The vol-of-vol under a one-day lag is slightly
higher, but still achieves a considerable reduction
relative to the static strategy. This result sug-
gests that TV strategies are practical even when
there are reasonable lags between forecasting and
rebalancing.

Next, we explore the impact of rebalancing fre-
quency on volatility control. The last two columns
of Exhibit 6 show results for calendar-based
approaches in which rebalancing is carried out
every 5 or 21 trading days. While it is not
surprising that vol-of-vol increases with decreas-
ing rebalancing frequency, weekly rebalancing
preserves a substantial fraction of the volatil-
ity control ability. The reduction in vol-of-vol
relative to static is nonnegligible even at the
monthly frequency, at approximately 1.5 percent-
age points (25% in relative terms) for HAR and
combinations of FRV and VIX.

Exhibit 6. Vol-of-vol of TV strategies under different rebalancing constraints.

Rebalancing frequency  Daily Daily Weekly Monthly
Rebalancing timing Nolag One-daylag Nolag Nolag
Static 6.1% 6.1% 6.1% 5.9%
FRV (1d) 2.9% 3.3% 3.7% 6.6%
FRV (5d) 2.4% 2.7% 3.1% 5.4%
FRV (21d) 3.2% 3.5% 3.8% 5.8%
FRV (1d) + VIX 2.3% 2.5% 2.8% 4.8%
FRV (5d) + VIX 2.3% 2.5% 2.7% 4.6%
FRV (21d) + VIX 2.7% 2.9% 3.2% 4.9%
HAR (1d) 2.2% 2.4% 2.7% 4.6%
HAR (5d) 2.4% 2.6% 2.7% 4.5%
HAR (21d) 2.8% 3.0% 3.1% 4.5%

The data runs from August 11, 2006 to November 30, 2023. The table shows the vol-of-vol measure (root mean squared error of rolling
21-day volatility from target) for selected TV strategies. The static strategy has fixed weights (50% in equities and 50% in one-month
Treasury bills) that yield a volatility of 10% over the sample period. The results for one-day lag use the value of the forecast at the end
of the previous trading day when forecasting volatility at the end of the current trading day. Weekly and monthly rebalancing use the
latest forecasting information but rebalance every 5 and 21 trading days. See Appendix A for more details on the volatility forecasts and

strategy construction.
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These results suggest that the concept of volatility
targeting can be implemented through strategies
that rebalance less frequently. In practice, we
could better balance the tradeoff between rebal-
ancing frequency and volatility control through
more thoughtful rebalancing methods than the
simple calendar-based approach, such as weigh-
ing the expected reduction in vol-of-vol vs.
turnover or adding intra-period rebalancing when
volatility changes are above a certain threshold.

5.2 Turnover and trading costs

Consistent with the example of Section 2,
Exhibit 7 shows that TV strategies have had higher
exposure to equities than the static strategy on
average. All strategies experience a large range
of equity exposures over the sample period, as
shown by the standard deviation. The turnover
figures, calculated as the daily average of the
absolute change in equity exposure, are reported
in the third column of Exhibit 7. Turnover is
sharply higher for forecasts with short lookback

windows or short forecasting horizons. Daily one-
way turnover reaches 22% for the TV strategy
based on yesterday’s FRV and reaches as low as
1.8% for the 21-day average of FRV.

Averaging the VIX with FRV-based forecasts
sharply reduces turnover. For example, averag-
ing the VIX with the five-day average of FRV
reduces daily one-way turnover from 5.9% to
3.7%. This result suggests that forecast averag-
ing may facilitate implementation by reducing
turnover. The pattern is present when averaging
VIX with a wider set of estimators than the three
combinations we consider here (see Exhibit 8).
The reduction in daily turnover is about 2% on
average and is particularly meaningful for stan-
dalone forecasts with short lookback periods and
regression-based forecasts with short forecasting
horizons.

Finally, the last two columns of Exhibit 7 examine
the impact of turnover on returns under conserva-
tive trading costs assumptions. We first present

Exhibit 7. Returns, turnover and trading costs for selected strategies.

Average equity  SD of equity

Daily one-way

Average daily
return, annualized, Return reduction

allocation allocation turnover and 95% CI after T-costs
Static 50% 0% 0.2% 6.37% £ 3.94% —0.01%
FRV (1d) 91% 41% 22.0% 10.88% £ 5.10% —0.56%
FRYV (5d) 85% 37% 5.9% 9.02% + 4.94% —0.15%
FRV (21d) 80% 34% 1.8% 8.54% + 4.81% —0.05%
FRV (1d) + VIX 79% 31% 10.4% 8.64% + 4.59% —0.26%
FRV (5d) + VIX 77% 30% 3.7% 7.94% + 4.62% —0.09%
FRV (21d) + VIX 75% 28% 2.4% 7.72% £ 4.55% —0.06%
HAR (1d) 76% 28% 6.7% 8.56% +=4.51% —0.17%
HAR (5d) 72% 24% 4.8% 8.22% +4.33% —0.12%
HAR (21d) 66% 18% 2.7% 7.84% +£4.11% —0.07%

The data runs from August 11, 2006 to November 30, 2023. The average and standard deviation of equity allocation are obtained by
taking the time-series mean and standard deviation of the target weight. Daily one-way turnover is calculated as the absolute difference
between the equity weight at the end of the trading day and the target weight for the next trading day. Average returns are average daily,
simple returns multiplied by 252. Standard errors were obtained by stationary block bootstrap (Politis and Romano, 1994) with mean
block size 25 and 10,000 replicas and multiplied by 1.96 to form a 95% confidence interval. Trading costs are assumed to be 1 basis point
for both S&P 500 and bills. See Appendix A for more details on volatility forecasts, strategy construction, and trading cost methodology.
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Exhibit 8. Vol-of-vol vs. daily turnover.
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The data runs from August 11, 2006 to November 30, 2023. The
chart shows the vol-of-vol measure (root mean squared error of
rolling 21-day volatility from target) and the average daily one-
way turnover (average absolute difference between end-of-day
equity weight immediately before rebalancing and equity weight
after rebalancing) for TV strategies based on all standalone and
regression-based volatility forecasts using two types of scaling
(scaling to full-day RV or squared daily returns) as well as the sim-
ple averages of VIX and each of the forecast. VIX and forecasts
averaged with VIX are highlighted in orange. See Appendix A for
more details on the volatility forecasts and strategy construction.

average daily returns (annualized) in the absence
of trading costs, along with 1.96 standard errors
(95% confidence interval).* In our roughly 20-
year period, TV strategies achieved higher aver-
age returns than static, though there is substantial
uncertainty about their magnitude. In other words,
we cannot say that the returns are reliably differ-
ent between TV strategies and the static strategy
or across TV strategies. We then show the reduc-
tion in average returns with transaction costs of
1 basis point (bp) applied to two-way turnover.
As we argue in Appendix A, since the TV strate-
gies we study could be implemented with S&P
500 futures and one-month Treasury bills, our
assumed trading costs are arguably higher than
those currently achievable in practice. In addition,
our estimates can be considered as an upper bound
because they are based on daily rebalanced strate-
gies. The impact of different trading costs can
be approximated from our results since trading

JOURNAL OF INVESTMENT MANAGEMENT

costs are roughly a linear function of turnover: For
instance, under trading costs of 2 bps, one would
expect the reduction in average return for FRV
(21d) to be around —0.10% rather than —0.05%.

The TV strategies based on one-day lookback
window or forecasting horizon see the larger
reduction in average returns after subtracting trad-
ing costs, with the largest reduction of —0.56%
for the standalone FRV (1d). However, all other
strategies exhibit average return reductions of
—0.15% or less. Combined with the results in
Exhibit 4, a five-day lookback or forecasting hori-
zon seems to strike an attractive tradeoff between
lowering vol-of-vol and controlling trading costs.

Collectively, our results provide evidence for the
feasibility of TV strategies. The use of judi-
cious rebalancing rules (thresholds, hold ranges,
etc.), patient and flexible trading, forecasts that
strike a balance between turnover and volatility
control, and the selection of liquid instruments
can all increase the real-world feasibility of TV
strategies.

6 Conclusion

Portfolios with constant target weights are inade-
quate for helping investors maintain stable risk
exposures. By dynamically adjusting portfolio
weights, target volatility strategies offer an effec-
tive tool for investors to stabilize portfolio volatil-
ity. When designing such strategies, it is helpful
to recognize the distinction between forecasting
accuracy and volatility control. Our results sug-
gest that a variety of volatility forecasts can be
used to substantially reduce fluctuations in volatil-
ity relative to strategies with static weights. In par-
ticular, simple forecasts that require few parame-
ters and no tuning can often be competitive with
more complex models. Combining simple fore-
casts based on past returns and implied volatility
can lead to better volatility control and/or lower
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turnover. Finally, our analysis suggests that TV
strategies based on liquid assets can be imple-
mented in the presence of realistic trading costs,
delays between forecasting and rebalancing, or
constraints on rebalancing frequency.

We plan to explore at least two extensions of
this research in future work. First, given the
large standard errors observed in our sample, we
plan to study the returns of TV strategies over a
longer sample of US data and international data.
While extending the sample will limit the fore-
casts we can use (especially those with intraday
data), it may allow for more reliable conclusions
around performance expectations. Second, we
plan to explore machine learning methods such
as decision trees and neural networks for volatil-
ity forecasting. It will be interesting to assess
whether machine learning methods can extract
more information about future volatility through
a more flexible functional form and lead to more
effective volatility control.

Appendix A Data and methodology

We consider two broad classes of volatility
estimators: standalone forecasts and forecasts
based on regression models. To construct these
forecasts, we use close-to-close daily returns,
overnight returns, and intraday returns, all based
on Refinitiv data on high-frequency S&P 500
(.INX) prices from 1997 to 2023.5 Throughout
this section, we use r to denote log returns,
whereas R denotes simple returns. When daily
open or close values are unavailable in the Refini-
tiv dataset, we impute them using Bloomberg
data. Our sample period choice is driven by the
availability of reliable five-minute price data for
the S&P 500. The length of our sample compares
favorably with other studies that use intraday data;
see Endnote 2.

We use price returns to forecast volatility and total
returns to construct the returns of TV strategies.
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Total daily returns for the S&P 500, inclusive of
dividends and corrected for corporate actions, are
sourced from Bloomberg.

A.1 Standalone forecasts

Our first standalone estimator is the equally-
weighted average of squared daily close-to-close
log returns (labeled SQ-D) over the last week (five
trading days) or month (21 trading days). Most
work that discusses the potential benefits of tar-
get volatility strategies (Lo, 2016; Moreira and
Muir, 2017) use this volatility measure over the
past month to showcase their results.

We also present the exponentially smoothed (ES)
average of squared daily close-to-close log returns
with A = 0.94. Exponential smoothing is widely
used among practitioners and the smoothing
parameter A is typically set at a value of 0.94
with daily returns, following the RiskMetrics™™
framework (Andersen et al., 2013). The formula,
using a lookback window with one year (252
trading days), is given by:

251

ES;=(1-2)) 2},

k=0
Our next measure is the intraday realized variance
(RV) based on 78 five-minute log returns between
open and close®:

78
2
RV, = ;r{t—l+i7§'—>t—l+{g}
We use equally-weighted averages of past intra-
day RV as predictors, with three lookback win-
dows: 1, 5, and 21 days. RV is widely used in
the literature because it leverages the information
contained in intraday price movements with-
out requiring complex modeling choices. Both
empirical and theoretical studies find that the five-
minute sampling interval works well for volatility
estimation and forecasting (Liu et al., 2015;
Bollerslev et al., 2018 and references therein).
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We also construct a measure that covers the entire
day, the full-day RV (FRYV), by adding to RV the
squared overnight return.

Open, )2

FRV; =RV, +log (Close :
t_

Finally, we use the daily close of the VIX index
as a predictor, with data obtained from CBOE'’s
website.” In contrast to other predictors that use
backward-looking information, implied volatil-
ity reflects the most up-to-date forward-looking
expectations of market participants.

A.2 Regression-based forecasts

Our second class of estimators consists of widely
used regression-based estimators. We use the
heterogeneous autoregressive (HAR) model of
Corsi (2009), the mixed data sampling (MIDAS)
model of Ghysels et al. (2006), and the hetero-
geneous exponential (HExp) model of Bollerslev
et al. (2018). We use full-day RV to build both
the response variable and regressors in these
models.

The HAR model is given by the equation below.

FRV 41,4k = o + BaFRV, + B, FRV,

+ BwFRV, + B,FRV
+ &1tk

FRV 11,1k is the average full-day RV over the
next k trading days, with k denoting the forecast-
ing horizon of either 1, 5, or 21 trading days. The
superscripts w, m, and q denote week (five trading
days), month (21 trading days), and quarter (63
trading days), the lookback window over which
the regressors are computed. Like Li and Tang
(2023), we augment the original HAR model with
aregressor that captures the volatility over the last
quarter.
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The MIDAS model is given by the equations
below.

FRV, 41116 = o + BMIDAS® + &,

1
L—(a1Fth + CleRV;_l
i=14i

MIDAS® =

+ ---+aLFRV, 1 41)

(0 (-1
ai = (— 1 ——
L L

[0 + 602)

L@ (6)
The regressor in the MIDAS model is a weighted
average of past full-day RV up to a maximum lag.
The coefficients a; are flexible functions of two
tuning parameters 6; and 6, which allow coeffi-
cients to vary smoothly as a function of the lag.
By contrast, in the HAR model, the coefficient on
FRV, 18 B4+ Bw + Bm + B4, while the coefficient
onlagsup to FRV,_41s By, + B + By, inducing a
step function-like change in the coefficients. The
MIDAS term is indexed by the forecasting hori-
zon because the optimal tuning parameters will
vary based on the forecasting horizon. We choose
a maximum lag L = 50, set 6; = 1, and tune 6,,
in line with Ghysels et al. (2006) and Bollerslev
et al. (2018).

=1,...,L

Finally, the HExp model is given by the equations
below.

FRV 114k = & + BaExpRVY
+ BwExpRVY
+ BuExpRVY
+ ByExpRV] + &4

PRy Y
P =

235:21 e=J*

ExpRV
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The center of mass (CoM) is the weighted average
horizon corresponding to a given A. By setting
the center of mass equal to the lookback window
of interest, one obtains a value of A that is then
used to compute the four regressors that enter the
regression.

All regressions are estimated daily on an expand-
ing window with an initial length of eight years.
All volatility forecasts are winsorized at 1% annu-
alized to prevent implausibly low or negative
values. The tuning parameter for MIDAS (6,)
is tuned annually based on the expanding win-
dow, in contrast with some previous studies that
tune based on the full sample. All regressions
are estimated via OLS; in unreported results,
regressions estimated with a Huber loss failed
to improve either volatility forecasting or con-
trol for the vast majority of specifications. In
unreported results, we also estimated regressions
using rolling four-year and eight-year windows,
which failed to improve volatility control or
forecasting performance.

A.3 Scaling

Some estimators, such as VIX or intraday RV, are
not suitable for direct use as volatility forecasts.
VIX would systematically overestimate realized
volatility because it includes a volatility risk pre-
mium (Poon and Granger, 2003; Carr and Wu,
2009), while intraday RV would systematically
underestimate because it does not account for
overnight price movements. Therefore, we apply
scaling to all the estimators that we use. The
scaling factor is the ratio between the long-term
average values of a volatility proxy and the esti-
mator under consideration (Hansen and Lunde,
2005), computed on an expanding window with
an initial length of eight years and updated daily.
For both standalone and regression-based estima-
tors, we present results for two types of scaling:
scaling to full-day RV and scaling to squared daily
close-to-close returns.®
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For regression-based forecasts, the response vari-
able is full-day RV, so the forecasts are effectively
already “scaled” to full-day RV. For scaling to
squared daily returns, we use full-day RV as the
response variable in the regressions and scale
the resulting forecasts instead of directly using
squared daily returns as the response variable.
This is because squared daily returns are a noisy
proxy for volatility over short periods, such as one
day. For example, an asset may have a squared
daily return close to zero, even though substantial
volatility may have occurred overnight or during
the trading day. This makes squared daily returns
less informative about the underlying volatility
over short periods and more prone to outliers,
which can affect regression estimates. Therefore,
forecasting full-day RV, which is better-behaved
and closer to theoretical definitions of volatil-
ity, then re-scaling it based on long-term ratios
between full-day RV and squared daily returns,
seems attractive for short-horizon forecasting.

A.4 Forecast averaging

We consider simple averages of the (scaled) VIX
and each of the standalone and regression-based
forecasts. In unreported results, for regression-
based forecasts, we also generated results with
the squared VIX as an additional regressor. This
typically results in a negative intercept, making
the model more prone to implausibly low, or
even negative predictions (before winsorizing),
which deteriorates volatility control. Therefore,
we focus on simple averaging of forecasts in our
main results.

A.5 Strategy construction and evaluation

We consider a target volatility portfolio that rebal-
ances daily, at the close, between one-month
Treasury bills and the S&P 500 in order to stabi-
lize volatility over time around the target volatility

0* = 10% annualized. The daily returns of

JOURNAL OF INVESTMENT MANAGEMENT



18 WEI DAIET AL.

Treasury bills are obtained from Ken French’s
website.” Given a daily volatility forecast &, of
the S&P 500, the asset weights and returns of
the TV strategy are given by the equations below.
We apply a leverage constraint of 150% to equity
weights (w;).

O.*
w; = min , 1.5
! <~/252&t )

w,)R

R =wRip + (1— 1+1

Our main focus is the relation between the volatil-
ity forecast 6; and the volatility behavior of the
TV strategy based on that forecast. Daily forecasts
are estimated on an expanding window, with the
initial window from January 12, 1998, to August
10, 2006, which covers 8 x 252 days of com-
plete data.!® Forecasts and strategy returns are
generated from August 11, 2006, to November
30, 2023, giving us 4,302 values for evaluation.

We assess forecasts using three different metrics:
out-of-sample R?, quasi-likelihood (QLIKE), and
volatility control (VC) of the TV strategy. The out-
of-sample R? and QLIKE are two measures of
forecasting accuracy, whereas VC measures how
closely the TV strategy adheres to the volatility
target over time.

The formula for the out-of-sample R? is

VFRV 41 — 67)?

OOSR>*=1— = ‘0
NFRV 41 — G2)?

tt()

where 62 is the average of full-day RV in the
expanding window and #y and 7 are the first and
last trading day of the testing sample. The out-
of-sample R? measures the mean squared error
(MSE) of the forecasts relative to that of the run-
ning average full-day RV and takes value from
negative infinity to one. Negative values mean
that the forecasts are even worse than simple run-
ning averages, while more positive values indicate
smaller forecasting errors.
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Our volatility control measure is defined as the
root mean squared error (RMSE) of rolling 21-
day volatility from target, given by the formula
below.

ZIT=10+21 (St—20,1 — o*)*
T — (tog+21) +1

where s;_20; denotes the annualized standard
deviation of the TV strategy returns over rolling
periods of 21 trading days. A lower value of
this volatility control measure indicates that the
TV strategy adheres to the volatility target more
closely over time. Strictly speaking, this mea-
sure does not merely reflect volatility of volatility:
a strategy can trivially achieve a volatility-of-
volatility of zero by investing all assets in the
risk-free asset. Instead, our measure reflects both
volatility of volatility and bias, that is, the differ-
ence between the TV strategy’s long-run volatility
and its target o *. Nevertheless, because changes
in volatility are often the main driver of the mea-
sure, and for expositional simplicity, we refer to
the metric as vol-of-vol.

Vol — of —vol =

A.6 Trading cost methodology

We follow Lo (2016) and model trading
costs as a fraction of the amount transacted,
which apply to both S&P 500 and one-month
T-bills. Two-way trading costs are approxi-
mately (Target equity weight — equity weight
before rebalancing) x (Trading cost for equities +
trading cost for bills).

We assume that trading costs are 1 bp for both
S&P 500 and T-bills. Our assumption of 1 bp for
one-month T-bills is conservative given the high
liquidity of Treasury bills or money market instru-
ments. In an older study based on a sample from
December 30, 1996, to March 31, 2000, Fleming
(2001) finds average bid—ask spreads in quoted
discount rates of 0.71 bps and 0.74 bps for on-
the-run three- and six-month bills, respectively.
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Bessembinder et al. (2020) find average bid—ask
spreads in quoted yields of 1 bp for two-year Trea-
sury notes in recent years. Finally, our spot checks
on Bloomberg confirm that the bid—ask spreads on
one-month T-bills are well below those estimates.

The equity exposure can be implemented through
highly liquid equity index futures. The bid—ask
spread on E-mini S&P 500 futures is typically
one quarter of a point (Lo, 2016), which, com-
bined with a contract multiplier of $50, leads to a
bid—ask spread of $50 % 0.25 = $12.5 in dol-
lar terms. Relative to the mid-point price, this
amounts to a $6.25 trading cost. Conservatively
assuming that exchange fees and commissions
bring the total cost to $10 and an S&P 500 level
of 2,000, this would translate to a trading cost
of 10/(50 % 2000) = 1 bp. For comparison,
the S&P 500 was above 5,000 at the end of our
sample, which would translate to a trading cost
of 10/(50 x 5000) = 0.4 bp. Therefore, our 1
bp is arguably an upper bound on prospective,
real-world trading costs.

Appendix B Alternative evaluation
metrics

Unlike the out-of-sample R?, which puts equal
weight on errors due to overestimation and under-
estimation, QLIKE penalizes underestimation
more severely as can be seen from the formula
below. This measure is always positive, with
larger values indicating greater forecasting errors.

1
LIKE = X
Q T —1
T-1
Z (FRVt—H . FRV ;41 . )
67 672

MSE (the key component of out-of-sample R?)
and QLIKE are both special cases of a loss
function class characterized in Patton (2011).
Members of that class share the attractive property
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Exhibit B.1. QLIKE vs. vol-of-vol.
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The data runs from August 11, 2006, to November 30, 2023. The
charts show the out-of-sample QLIKE and vol-of-vol measures
across all standalone and regression-based volatility forecasts
based on two types of scaling (scaling to full-day RV or squared
daily returns). See Appendix A for more details on the volatility
forecasts and evaluation measures.

that the ranking of competing forecasts is robust to
noise in the proxy used to represent “true” volatil-
ity. Both metrics are used by Liu et al. (2015) in
their comparison of 400 volatility forecasts, with
baseline results using QLIKE due to its potentially
better ability to rank forecasts based on limited
data (i.e., higher statistical power).

Exhibit B.1 shows a tighter link between QLIKE
and volatility control than Exhibit 3 (based on out-
of-sample R?), with lower QLIKE values being
associated with lower vol-of-vol. That said, the
relation is still noisy, which again highlights the
benefits of measuring forecasting accuracy and
volatility control separately.

Notes

' We abstract away from the effect of taxes. Their impact
would likely be significant for TV strategies held in
taxable accounts given the frequent and substantial
rebalancing.

Our sample, which ranges from 1997 to 2023 (a full
year of data is burned in to compute certain estimators),
is more than twice as long than the 10-year periods con-
sidered in Ghysels et al. (2006) and Liu et al. (2015).
Ghysels et al. (2006) use intraday data that startsin 1993,
though their dataset is limited to Dow Jones Industrial
Average constituents. Bollerslev et al. (2018) mention
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in their Table 1 that the earliest equity series they use
starts in late 1996, similar to our sample starting date.
In unreported results, we find that the VIX tends to
exhibit better forecasting performance than other pre-
dictors for volatility over the next 21 days. While there
are implied volatility indices at shorter tenors, we focus
on the standard VIX given the short sample of the newer
variants. For example, the historical data of one-day VIX
starts in 2022.

Standard errors were obtained through stationary block
bootstrap (Politis and Romano, 1994) with 10,000 repli-
cas and mean block size of 25. We also considered block
sizes of 10 and 50, as well as subsampling (Politis et al.,
1999) with the same three block sizes. All procedures
yield similar standard errors.

Some five-minute prices are unavailable. Missing intra-
day five-minute prices are allocated based on the latest
value. Days with more than six missing prices (i.e., 30
minutes worth) are dropped from the sample.

For the purpose of this study, we take prices at 9:35 am
and 4:05 pm as the open and close prices, respectively.
Our approach is consistent with Ahoniemi and Lanne
(2013), who find that computing five-minute realized
volatility between 09:35 am and 4:00 pm avoids con-
tamination by stale opening prices and yields similar
results as using Special Opening Quote prices. In vali-
dation exercises, we find that using 4:05 pm as the end
of the trading day better matches published closing val-
ues of the S&P 500. In practice, one can use the exact
close price to construct the volatility forecast or build
in a lag between forecast construction and rebalancing
(see Section 5.1).
https://www.cboe.com/tradable_products/vix/.

Using two types of scaling is interesting because while
both full-day RV and squared daily returns are com-
mon volatility measures and highly correlated, they have
slightly different magnitudes over our sample period.
The average full-day RV is 18.1% annualized and the
average squared daily return is 19.6% annualized.
https://mba.tuck.dartmouth.edu/pages/faculty/ken.fren
ch/data_library.html. Over our sample period, the T-bill
return is the simple daily rate that, over the number of
trading days in the month, compounds to one-month
T-Bill rate from Ibbotson and Associates, Inc.

We drop days for which more than six intraday prices at
five-minute intervals are missing. For estimators based
on averages over multiple days, the weights are redis-
tributed across non-missing days within the lookback
window (e.g., if the 4th lag in the weekly term of HAR

10
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is missing, the 1st, 2nd, 3rd, and 5th lags receive 25%
weight).
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