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FOR BETTER PERFORMANCE: CONSTRAIN PORTFOLIO
WEIGHTS DIFFERENTIALLY AND GLOBALLY

Haim Levy a and Moshe Levyb

Even after more than six decades since the publication of the breakthrough article by
Markowitz, the Mean–Variance framework is still the most commonly employed portfolio
management tool. Yet, as portfolio managers know all too well, the optimal diversification
and the induced performance are very sensitive to potential parameter estimation errors.
This paper suggests two new and related portfolio optimization methods to deal with
this problem: the Variance-Based Constraints (VBC), and the Global Variance-Based
Constraints (GVBC) methods. By the VBC method the constraint imposed on the weight
of a given stock is inversely proportional to its standard deviation: the higher a stock’s
sample standard deviation, the higher the potential estimation error of its parameters, and
therefore the tighter the constraint imposed on its weight. GVBC employs a similar idea,
but instead of imposing a sharp boundary constraint on each stock, a quadratic “cost”
is assigned to deviations from the naive 1/N weight, and a single global constraint is
imposed on the total cost of all deviations. We find that these two new methods outperform
existing methods. These results are obtained for two different data sets, and are also robust
to the number of assets under consideration and to the number of return observations.

1 Introduction

Markowitz’s Mean–Variance (MV) rule is the
foundation of modern portfolio management.
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Even after more than six decades, academics
and professional investors widely employ the
MV framework or some variation of this frame-
work. Yet, employing the MV rule in practice
is not a simple task, as the various parameters
are unknown. Markowitz himself realizes this
fact and he empirically examines the performance
of various methods suggested in the literature to
deal with the economic loss induced by param-
eter estimation errors. In this study we suggest
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two novel optimization methods to handle the
potential economic loss induced by estimation
errors, and show that these methods constitute
an improvement relative to existing methods.
We hope that the adoption of these new meth-
ods will improve the performance of professional
portfolio managers.

Deriving the MV efficient portfolios, one implic-
itly or explicitly assumes that the investors have
exact knowledge of expected returns, variances
and covariances. In practice, however, the ex-
ante parameters are unknown and one must rely
on estimation, which is generally based on his-
torical returns. The problem is that when naively
employing the sample parameters, the MV rule
typically yields unacceptable investment strate-
gies, with extreme portfolio weights, and with
many assets held short. Moreover, the aggre-
gate percent of the portfolio in short position
in the MV optimal investment strategy based
on historical returns is generally very large,
and may reach hundreds and even thousands
of percent. While holding short positions is
a legitimate investment strategy, most institu-
tional investors refrain from having large short
positions, and typically restrict the investment
weights (e.g., see Frost and Savarino, 1988,
p. 29).

In addition, one cannot be very confident about
the portfolio weights generated by the MV opti-
mizer with sample estimates, because these
weights are very sensitive to the sample param-
eters, especially to the sample means (see Best
and Grauer, 1991; Chopra and Ziemba, 1993).
This is quite unsettling, as a manager may find
that the MV optimal portfolio based on the sam-
ple of the last 50 monthly returns, for example,
is completely different from the portfolio con-
structed based on the last 60 months. Numerical
analyses of the MV efficiency frontier reveals that
even a little reduction in the mean of a given asset

may shift the asset from a large long position to
a large short position. Thus, even a small dif-
ference between the true unknown means and
the sample estimated means, quite in the plau-
sible error range, may yield a large deviation
between the optimal investment strategy and the
one recommended based on the estimated sample
parameters.

Because of the key role of the MV rule, numer-
ous studies suggest various ways to deal with
the problem of sampling errors. As a conse-
quence of the extreme sensitivity of the optimal
diversification weights to the potential errors in
the sample estimates of the mean returns, and
the typically large errors involved in estimating
mean returns, some studies suggest an extreme
investment policy which ignores the historical
sample means altogether, and focuses on the
investment weights corresponding to the sample
minimum variance portfolio (see Green and Hol-
lifield, 1992). An even more extreme suggestion
is to ignore all historical parameters, means and
variance–covariance matrix alike, and to employ
the naïve diversification strategy, namely, invest-
ing an equal proportion of 1/N in each of the
N available assets (see, for example, DeMiguel
et al., 2009b; Duchin and Levy, 2009). Most other
suggested methods incorporate all the sample
parameters, but with some modification, either
to the parameters or to the optimization proce-
dure. One possibility is to apply “shrinkage” to
the sample parameters (Ledoit and Wolf, 2003;
Jagannathan and Ma, 2003). Other approaches
which consider the sampling errors and sug-
gest methods to mitigate these errors are the
Bayesian approach (Jorion, 1986; Markowitz
and Usmen, 2003), the Monte Carlo resampling
approach (Michaud, 1989, 1998), and the Black–
Litterman approach (Black and Litterman, 1992).
In the next section we provide a brief review
of the main portfolio optimization methods
employed.
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Which optimization method is better at handling
the sampling errors, hence performs best? Is the
relative ranking of the various methods invariant
to the number of assets under consideration? If
constraints are imposed on the portfolio weights
to avoid extreme positions due to sampling error,
what type of constraints should be imposed, and
how stringent should they be? In answering these
questions, one needs to consider two poten-
tial economic losses that should be balanced in
determining the portfolio weights:

(1) Using the historical sample parameters may
lead to a portfolio which is very different from
the optimal portfolio which is based on the
true parameters, due to the sampling errors.

(2) Drastically modifying the sample parameters
(or completely ignoring them) or, alterna-
tively, imposing severe constraints on the
portfolio weights may lead, once again, to
suboptimality and economic loss. For exam-
ple, if the parameter estimates are very
close to the true parameters, imposing strin-
gent constraints on the weights may hamper
performance.

Researchers who suggest modifications to the
simple MV optimizer are aware of the impor-
tance of the historical sample data, as well as the
above two possible losses. Hence, most of them
do not advocate ignoring the historical data com-
pletely, but rather giving it some weight in the
portfolio construction procedure. The main issue
the investor faces is how much weight to give to
the historical information. Indeed, the goal is to
find a golden path that balances the two poten-
tial losses discussed above. Namely, one needs to
employ the information from the sample returns,
but simultaneously to restrict extreme diversifi-
cation policies, which may be due to sampling
errors.

In a recent paper, Levy and Levy (2013) sug-
gest two novel portfolio optimization methods,

called Variance-Based Constrained optimization
(VBC) and Global Variance-Based Constrained
optimization (GVBC). These methods are gen-
eralizations of the portfolio weight constraints
method. The main idea in both new methods is
to take into account the fact that the estimation
error is not the same for all stocks: the estima-
tion errors are larger for stocks with larger sample
variances. The VBC method imposes constraints
that are inversely related to the stock’s sample
standard deviation: the lower the standard devia-
tion, the lower the estimation error, and the looser
the constraints imposed on the stock’s portfolio
weight.

The VBC method, however, does not imply a
higher “cost” for more extreme weights, as long
as they are within the allowed bounds. It also does
not take into account the relative contribution of
different stocks to the portfolio’s performance.
For example, if we have two stocks with the
same sample standard deviation but very dif-
ferent sample means, we may want to allow
looser constraints for the stock with the higher
mean, because it contributes more to the port-
folio’s mean. The Global VBC (GVBC) method
incorporates these two elements by formulating
a quadratic “cost” on the deviation of weights
from the naïve 1/N weight and imposing a sin-
gle constraint on the total cost of all weights.
We explain these two methods in detail in Sec-
tion 3. We compare these methods with the main
other portfolio optimization methods commonly
employed in practice. We find that the new meth-
ods outperform all other methods, with the GVBC
method performing best.

2 The alternative methods examined

This section provides a brief review of the main
portfolio optimization methods suggested in the
literature. For a more detailed discussion of these
methods, we refer the reader to the relevant
original papers.
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The Mean–Variance Optimizer

Mean–Variance optimization yields the portfolio
which maximizes the mean for a given standard
deviation, or stated differently, the portfolio with
the maximal Sharpe ratio. In the basic applica-
tion of this method the sample parameters are
employed as estimates of the ex-ante parameters.
Given a set of sample mean excess returns, µ̂, and
sample covariance matrix, �̂, the MV optimizer
is the solution to:

Maximize: x′µ̂
(x′�̂x)1/2

s.t.: x′ · 1 = 1,

(1)

where x is a vector of N portfolio weights, x′ is its
transpose, and 1 is a vector of N 1’s. Note that as µ̂

denotes the vector of returns in excess of the risk-
free rate, and as x′�̂x is the portfolio variance,
the expression in Equation (1) is the portfolio’s
Sharpe ratio.

This method typically yields extreme portfolio
weights. Specifically, as the number of assets
under consideration, N, increases, the percent-
age of assets held short approaches 50%, an
unacceptable result by both professional investors
and academics who are interested in equilibrium
models (for example, see Levy, 1983; Brennan
and Lo, 2010; Levy and Ritov, 2011; Levy and
Roll, 2014). One possible solution to these many
short positions is to directly impose a no-short
constraint, which was Markowitz’s original sug-
gestion, and his motivation for developing his
critical line algorithm (Markowitz, 1959). Max-
imizing the Sharpe ratio under this constraint
typically yields only a small number of assets in
the portfolio, where most of the assets are left out
(i.e. with portfolio weights of zero).

The Minimum Variance Portfolio (MVP)

Best and Grauer (1991, 1992) show that portfo-
lio weights are very sensitive to the mean return

estimates, and Green and Hollifield (1992) argue
that the main factor inducing the selection of a
portfolio which substantially deviates from the
optimal portfolio is the error in the mean return
estimates. Therefore, they suggest ignoring the
assets’ sample means altogether. This implies
holding the Minimum Variance Portfolio (MVP),
which is given by the solution to:

Minimize: x′�̂x

s.t.: x′ · 1 = 1.
(2)

Unfortunately, the MVP also typically involves
extreme portfolio weights and many short
positions.

Jagannathan and Ma (2003) add to the MVP
approach the no-short constraints, and show that
the non-negativity constraints can help in prac-
tice. They show that each of the non-negativity
constraints is equivalent to reducing the esti-
mated covariance of the asset under consideration
with other available assets. As stocks with high
positive covariances tend to be held short, any
positive estimation error in the covariance esti-
mate may induce suboptimal short position. Thus,
imposing the non-negativity constraints reduces
the portfolio asset misallocation due to sampling
errors. Moreover, they show that imposing upper
bounds on the investment proportions reduces the
sampling errors and achieve an effect which is
similar to the effect induced by parameter shrink-
age methods (for more on the shrinkage method,
see, for example, Ledoit and Wolf, 2003). Below
we present the performance of the MVP approach
with and without the short-selling constraints.

Naïve Diversification

The naïve 1/N strategy is perhaps the world’s
first portfolio diversification advice, which is
about 1500 years old.1 While Green and Holli-
field suggest ignoring the sample mean returns in
seeking the optimal investment weights, the naïve
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approach suggests ignoring all historical infor-
mation and simply investing 1/N in each of the
N available assets. Thus, this method implicitly
assumes that the sampling errors of the means
and variance covariance matrix are very large,
hence to protect against possible extreme non-
optimal investment policies, it is recommended to
diversify equally between the N available assets.
In out-of-sample analysis the 1/N diversification
strategy may have merits when the distributions
of returns are very unstable. For the discussion
of the performance of the 1/N strategy for small
and large number of assets see Duchin and Levy
(2009), DeMiguel et al. (2009a), and Kritz-
man et al. (2010). Tu and Zhou (2011) suggest
combining naïve diversification with other opti-
mization strategies by taking the portfolio weights
as a weighted average between the naïve weights
and the weights suggested by the optimization
strategy.

Michaud’s Resampling Method

Michaud (1989, 1998) suggests the following
procedure in order to avoid large sampling errors.
First, estimate the sample means and the sam-
ple variance covariance matrix. Then draw T

observations from a multivariate normal distribu-
tion with these sample parameters, i.e. generate
a resampled history of T periods. Next, cal-
culate the various parameters as well as the
optimal investment weights based on this resam-
pled history. The weights are constrained to be
non-negative in this optimization. Repeat this
procedure 500 times, hence obtaining 500 vectors
of investment weights. Then, average the portfo-
lio weight for each asset across these 500 vectors.
Averaging out 500 times for each portfolio weight
attenuates the extreme weights due to sampling
errors.

Bayesian Approach

In a nutshell, this method takes into account the
fact that the estimation error regarding the mean

return induces an increased estimation of the
variance (and covariance). For example, suppose
that in one sample we obtain a mean return of
10% and a standard deviation of 20%, and that in
another sample we obtain a mean return of 15%
and the same standard deviation of 20%. Taking
into account the fact that the location of the dis-
tribution may be centered either about 10% or
about 15% provides a distribution with a vari-
ance larger than 20%, which has to be taken
into account in deriving the optimal investment
weights. The Bayesian method takes this factor
into account in the parameters’ estimation pro-
cedure. The Bayesian method can be applied
with various priors. Here we employ the dif-
fuse prior as in Markowitz and Usmen (2003).
For more details on the Bayesian method see
Markowitz and Usmen (2003) and Harvey et al.
(2008).

Homogeneous Portfolio Weight Constraints

The solution to the MV optimizer as in Equa-
tion (1) typically leads to extreme portfolio
weights, especially when the number of assets is
large. These extreme weights, in turn, imply that
the parameter estimation errors usually lead to
poor portfolio performance. To mitigate this prob-
lem it has been suggested to impose constraints
on the portfolio weights (Frost and Savarino,
1988; Jagannathan and Ma, 2003). Namely, one
can add the following constraint to optimization
problem (1):

|xi| ≤ α for all i, i = 1, 2, . . . , N

where α is a positive constant and N stands
for the number of assets under consideration.
Alternatively, one can take the naive 1/N port-
folio as the benchmark and impose the following
constraint:∣∣∣∣xi − 1

N

∣∣∣∣ ≤ α, for all i, i = 1, 2, . . . , N. (3)
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The formulation in Equation (3) is natural as
some specific diversification policies emerge as
special cases: the case of α = 0 implies the
naïve portfolio, which is the benchmark case of
“zero information” about the ex-ante parameters.
The larger α, the looser the constraint, and for
α → ∞ we are back to the unconstrained MV
optimizer, which is optimal in the other extreme
case where perfect information about the ex-ante
parameters is available.

Each of the above six methods has its pros and
cons. While the performance of each of these
methods has been previously studied, there is
no clear consensus about the relative ranking of
their performance. This is for two main reasons:
First, most studies compare two or three meth-
ods, but not all the six methods simultaneously
(which with and without short-selling for the MV
optimizer and the minimum variance portfolio
increases to eight methods). Second, different
studies employ different methodologies and dif-
ferent sample periods to evaluate performance.
This paper presents a comparison of all eight
methods, as well as the two new methods sug-
gested in the next section, in a unified setting. This
comparison provides a bird’s-eye perspective on
the relative standing of the various optimization
methods.

3 Two new methods: VBC and GVBC

In these methods the Sharpe ratio (1) is maxi-
mized under constraints on the portfolio weights.
However, in contrast with the homogeneous
constraints method, the idea in both new meth-
ods is to impose more stringent constraints on
stocks with relatively high standard deviations,
as the estimation errors for these stocks’ param-
eters, and hence the potential economic loss, are
larger than for stocks with relatively low standard
deviations. Below we describe the two suggested
new methods, and then provide the intuition and
motivation for them with a numerical example.

Variance-Based Constraints (VBC)

In the VBC method we suggest replacing the
homogeneous constraint |xi − 1

N
| ≤ α with:∣∣∣∣xi − 1

N

∣∣∣∣ σi

σ̄
≤ α, for all i, i = 1, 2, . . . , N,

(4)

where σ̄ ≡ 1
N

∑N
i=1 σi is the average standard

deviation of all stocks. Equation (4) implies
differential constraints: the higher σi (relative
to the average standard deviation) the tighter
the constraint imposed on the weight of stock
i. Note that if all stocks have the same stan-
dard deviation, the VBC method reduces to the
homogeneous constraint method, as in Equa-
tion (3). One should also note that imposing
the variance-based constraints is not intended to
reduce portfolio variance, but rather, to reflect the
larger potential sampling errors for high-variance
stocks.

Global Variance-Based Constraint (GVBC)

The VBC method suggests that the higher
the asset’s variance, the tighter the constraint
imposed on its weight. Thus, it implies identical
constraints for all stocks with the same standard
deviation. Recalling that the goal is to find a
set of constraints which maximizes the ex-ante
Sharpe ratio, this may be suboptimal, because
the contribution of different stocks with the same
standard deviation to the portfolio’s Sharpe ratio
may be different. In addition, the VBC method
does not attach any “cost” to deviations from the
benchmark naïve weights, as long as these devia-
tions are within the allowed bounds. The GVBC
method addresses these two issues by imposing
a single global constraint (rather than a specific
constraint on each stock) on the vector of portfolio
weights:

N∑
i=1

(
xi − 1

N

)2
σi

σ̄
≤ α. (5)
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Note that the higher the asset’s standard devia-
tion, the more costly are deviations of its weight
from 1/N. Therefore the GVBC optimization will
tend to restrict extreme positions for such stocks.
This is similar to the VBC method. However, in
contrast to the VBC method, we may allow differ-
ent deviations for stocks with the same standard
deviations. For example, suppose that we have
two stocks with the same standard deviations, but
one with a higher sample mean than the other.
The GVBC method will allow a larger deviation
for the stock with the higher mean, and thus will
assign a higher weight for this stock. Thus, we
have global constraint (α) and each stock will get
a different share of this α, depending on its stan-
dard deviation as well as its contribution to the
Sharpe ratio.

Numerical Example

The following example may help explain the
logic behind the VBC and GVBC methods, and
contrast them with one another and each one
of them with the standard homogeneous con-
straints method. Consider the six stocks with

Table 1 Numerical illustration of the different constrained optimization methods.

(2) (3) (5)
(1) Sample MV (4) Homogeneous (6) (7)
Sample standard optimizer Naïve constraints VBC GVBC
mean deviation weights weights weights weights weights
(%) (%) (%) (%) (%) (%) (%)

Stock 1 5 8 9.64 16.67 14.67 14.85 11.01
Stock 2 5 8 9.64 16.67 14.67 14.85 11.01
Stock 3 5 8 9.64 16.67 14.67 14.85 11.01
Stock 4 12 8 23.13 16.67 18.67 19.00 21.90
Stock 5 26 12 22.27 16.67 18.67 18.22 21.06
Stock 6 30 12 25.70 16.67 18.67 18.22 24.02

Stock return parameters and portfolio weights are given in percent. α = 2%. The homogeneous constraints method imposes the same
constraints to all stocks. The VBC method imposes tighter constraints for stocks with higher standard deviations (compare stocks 4 and
5). The GVBC method assigns a quadratic cost to deviations from the naïve weight, and imposes a single constraint on the total cost.
This allows more flexibility to assign higher portfolio weights to stocks that contribute more to the portfolio’s performance (compare
stocks 5 and 6).

sample parameters given in Table 1. Assume
for simplicity of the presentation that the sam-
ple correlations are zero. Column (3) in the table
shows the portfolio weights obtained by maximiz-
ing the portfolio’s Sharpe ratio with the standard
unconstrained MV optimization (Equation (1)).
Column (4) shows the equal weights of the naïve
portfolio, and column (5) depicts the weights with
the standard homogeneous constraints method,
as given in Equation (3), with α = 2%. As
column (3) shows, the unconstrained optimiza-
tion implies that the weights of the first three
stocks are much lower than the naïve weight of
16.67%, while the weights of the last three stocks
are larger than the naïve weight. Also, note that
in this case the first three stocks have the same
weight as they have the same parameters. The
simple homogenous constraint with α = 2%
allows weights to deviate by no more than 2%
from 16.67% (see Equation (3)), which leads to
the first three stocks’weights being constrained at
16.67%−2% = 14.67%, and the last three stocks’
weights at 16.67% + 2% = 18.67%. Recalling
that the goal is the maximization of the Sharpe
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ratio, if the constraints are not binding it is possi-
ble that the stock with the higher mean will have a
higher weight. However, if the constraint is bind-
ing, as in our example, the stock’s mean, namely
its contribution to Sharpe ratio, does not affect the
weight optimal selection.

The homogeneous constraints method, however,
does not take into account the fact that the stock’s
standard deviations are different—which means
that we have higher confidence about the param-
eters of the first four stocks (with σ = 8%) than
we do about the parameters of stocks 5 and 6 (with
σ = 12%). As the larger the standard deviation
the larger the potential economic damage induced
by sampling errors corresponding to the mean
return estimates, we suggest the VBC method.
Indeed, the VBC method (Equation (4)) takes
the different standard deviations into account, as
revealed by the weights in column (6). If no con-
straints were imposed, the weights of stocks 4–6
would all have been higher, and the weights of
stocks 1–3 would have been lower (see column 3).
The weights under VBC shown in column (6)
reveal, of course, perfect symmetry between the
first three stocks. Notice, however, that the VBC
method assigns a higher weight to stock 4 than
to stocks 5 and 6, because of its lower standard
deviation.2

Finally, like in the homogeneous constraints
method, the stock mean return may affect the
weight only if the constraint is not binding.Acom-
parison of the weight of stocks 5 and 6 reveals that
the same weight is assigned to these two stocks
despite the fact that both have the same standard
deviation and stock 6 has a higher mean. This
occurs because the constraint on the weight given
by Equation (3) is binding.

We believe that taking account of the heteroge-
neous standard deviations offers an improvement
relative to the homogeneous constraints method.

However, this method still misses an impor-
tant point: the fact that the relative contribution
of different stocks to the portfolio performance
(Sharpe ratio) is not the same. Specifically, the
mean returns of the various assets are completely
ignored in case where the imposed constraints are
binding. For instance, the VBC method assigns
the same weight of 18.22% to stocks 5 and 6,
even though stock 6 has exactly the same sample
standard deviation as stock 5, but a higher sample
mean. Common sense would suggest assigning
a higher weight to stock 6 than to stock 5 in
this case. Indeed, this is exactly what the GVBC
method yields, as shown in column (7). By the
GVBC method deviations from the naïve portfo-
lio weights have a quadratic cost, and the only
constraint is on the total cost. This is opposed to
the homogeneous constraints and VBC methods,
that impose a separate boundary constraint for
each stock. Thus, the GVBC method gives more
flexibility to allow larger deviations for stocks
that contribute more to the portfolio performance.
In addition, the continuous cost function seems
to be more reasonable than the binary bound-
ary constraint—it assigns a cost to any deviation,
rather than being indifferent to any deviations
within the allowed limits, as in the homogeneous
and VBC methods.

4 Methodology

We conduct a “horse race” between the vari-
ous portfolio optimization strategies described in
the previous two sections. Following the frame-
work in Frost and Savarino (1988), Michaud
(1989), Markowitz and Usmen (2003), and Har-
vey et al. (2008), we take N assets with true
mean excess returns µ and covariance matrix
�, which are known to a “referee”, but not
to investors employing the different strategies
which are based on sample parameters. Thus,
investors construct their portfolios based on a
sample they observe from the true distribution,
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and the referee evaluates the performance of these
portfolios based on the true parameters. In order
for the true parameters to be realistic, we take µ

and � as the sample estimates of actual assets:
one set of assets we use is the set stocks of 100
largest U.S. firms (according to December 2011
market values) with complete 20-year monthly
return records, and the other set is composed of
the 48 Fama–French industry portfolios. Param-
eters are estimated for monthly returns, in the
period 1992–2011 for the first set, and the period
1969–2011 for the second set.

The multivariate distribution is assumed to be
normal and the parameters given by µ and �

are considered as the true parameters, and the
referee evaluates the ex-ante performance with
respect to these parameters. The investors do
not know the true parameters. They observe a
sample of T returns for each asset, drawn from
a multivariate normal distribution with the true
parameters. Thus, they observe sample parame-
ters which are generally different from the true
parameters. Given these sample parameters, each
strategy S yields a set of portfolio weights, xs, as
explained in the previous sections. These weights,
in turn, determine the true ex-ante portfolio per-
formance for the strategy, calculated with the true
parameters: µP = x′

sµ, σ2
P = x′

s�xs.

We repeat this procedure for 100 different sam-
ples, drawn from the same true multivariate
distribution. The performance of each strategy
is evaluated across all 100 scenarios. Namely,
for each sample we have a different normal dis-
tribution of portfolio returns. We calculate the
portfolio mean return and standard deviation for
each sample and then we construct the return
distribution which is a mixture of these 100 dis-
tributions, each with weight 1/100. The Sharpe
ratio is (numerically) calculated for this “grand”
mixed distribution (for more detail see Levy and
Levy, 2013).

5 Results

Ten optimization methods are compared: the
MV optimizer, the MV optimizer with no short
positions, the minimum variance portfolio, the
minimum variance portfolio with no shorts, naïve
optimization, Resampling, Bayes, homogeneous
constraints, and the two new methods: the
Variance-Based Constraints (VBC), and Global
Variance-Based Constraints (GVBC). The results
of the last three methods, based on portfolio
weight constraints, depend on the value of the
constraint imposed, α. Figure 1 shows the Sharpe
ratios of the various strategies as a function of
α, where the assets are the 100 largest U.S. firms.
Obviously, the results for the first seven strategies,
which do not depend on α, appear as horizontal
lines in the figure.

Looking first at the investment strategies which
are independent of the constraint, α, we find that
the best strategy out of these seven strategies is

Figure 1 Sharpe ratios of the various strategies. The
three constraints strategies as a function of α. Strate-
gies that do not depend on α appear as horizontal lines.
Note that the y-axis is broken, to show the MV opti-
mizer and Bayes strategies. The minimum variance
strategy yields an intermediate Sharpe ratio of 0.229
(see Table 2), and is not shown in the figure because
of the break in the y-axis.
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the MV optimizer with no short positions, fol-
lowed by the minimum variance portfolio with no
short positions, the Resampling method, the naïve
optimization, and the minimum variance portfo-
lio with short (not shown in the figure because of
the break in the y-axis, but see the performance
ranking in Table 2). The worst strategies are the
MV optimizer (with short) and Bayes, which are
very close.3 The result revealing that the Resam-
pling method outperforms the Bayes strategy is
consistent with the results reported by Markowitz
and Usmen (2003).

Now let us turn to the performance of the three
constraints strategies, which are function of the
size of the constraint, α. For very small α all three
strategies converge to the naïve strategy, as the
portfolio weights converge to 1/N. For very large
α, the strategies converge to the unconstrained
MV optimizer, as the constraints become ineffec-
tive (this is not evident in the figure, because this
convergence occurs at very high values of α). The
most important result is that there is a range of α

where all three constraints methods outperform
all other methods.

Two comments regarding the choice of α are
called for. First, note that the investor does not
know in advance neither the optimal value of
α, nor the corresponding Sharpe ratio, which
are known only to the referee. Therefore, the
selected value of α, which is at the investor’s
discretion, may be non-optimal. However, the
precise purpose of this exercise is to calculate
the Sharpe ratio for various values α, hence the
optimal value is revealed at the end of the exer-
cise by the referee, and this knowledge can be
adopted in practice. Those investors who mistak-
enly considered employing a non-optimal α value
before seeing the results of this study may adjust
their α according to the results of this paper. Sec-
ondly, one should not expect a single value of
α to be optimal in all cases. The optimal value

will generally depend on the nature of the assets
under consideration. For example, the higher the
variance of the assets’returns, the smaller the opti-
mal value α one would expect. Therefore, when a
portfolio of portfolios (e.g., a portfolio of ETFs) is
considered, α would generally be relatively large,
as the variance of the ETFs is typically small
relative to the variance of individual assets. The
optimal value of α may also depend on the number
of assets included in the portfolio. This is partic-
ularly true for the GVBC method where a single
constraint is imposed on all assets included in the
portfolio. Hence, each strategy should be evalu-
ated at the value of α that maximizes its Sharpe
ratio. Although we present the Sharpe ratio for
various values of α, only the value which maxi-
mizes the Sharpe ratio is relevant to the investor.
Figure 1 reveals that the best performance is
obtained by the GVBC method with α = 4%.

Table 2 reports the Sharpe ratios of the 10 strate-
gies. In order to examine the dependence of the
results on the number of assets, we repeat the anal-
ysis for 20 stocks and five stocks, randomly drawn
from the set of 100 stocks. In general, the Sharpe
ratio increases with the number of assets, because
of the greater benefit of diversification. As the
table reveals, the three constraints methods yield
the highest Sharpe ratios in all three cases, and
the GVBC method always ranks first. The differ-
ences between the various optimization methods
are most pronounced when the number of assets is
large. In the case of only five assets the differences
across strategies are rather small, except for the
unconstrained MV optimizer and Bayes methods,
which are always significantly worse than the rest.

Table 3 reports the short positions for each of the
six strategies which allow short-selling (the naïve,
resampling, MV, and mean–variance optimiza-
tion with no short-selling strategies are obviously
absent in Table 3). This information is important,
as some investors would reject any investment
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Table 2 Performance of the 10 different strategies with 5, 20, and 100 assets.

5 Stocks 20 Stocks 100 Stocks

Sharpe Sharpe Sharpe
Method ratio Rank ratio Rank ratio Rank

GVBC 0.269 1 0.330 1 0.486 1
VBC 0.267 2 0.328 2 0.456 3
Homogeneous constraints 0.265 3 0.327 3 0.457 2
Naïve (1/N) 0.262 4 0.305 8 0.333 7
Resampling 0.261 5 0.320 4 0.398 6
Minimum variance no short 0.259 6 0.317 5 0.408 5
MV optimization no short 0.245 8 0.311 7 0.440 4
Minimum variance 0.257 7 0.315 6 0.229 8
MV optimization 0.149 9 0.224 10 0.090 9
Bayes 0.131 10 0.228 9 0.065 10

The number of periods in the sample observed by the investor is T = 120. The constraints methods provide the highest Sharpe ratio,
and the GVBC method is best, in all three cases. The differences between the various methods are most pronounced when the number
of assets is large.

Table 3 Short positions as implied by the different methods.

Proportion of stocks held short (%) Total short position

Method 5 Stocks 20 Stocks 100 Stocks 5 Stocks 20 Stocks 100 Stocks

GVBC 0 16.7 38.3 0 0.08 0.79
VBC 0 24.5 47.8 0 0.04 0.90
Homogeneous constraints 0 0 44.7 0 0 0.81
Minimum variance 11.8 29.9 46.8 0.02 0.30 4.34
Bayes 20.0 43.1 48.7 0.26 2.67 8.93
MV optimization 27.4 40.9 47.5 0.37 1.56 13.10

The left-hand side of the table shows the percentage of the number of assets held short, while the right-hand side shows the total short
position. For example, the MV optimization method with 100 stocks implies that for each $1 invested, $13.1 are held short and $14.1
are held long.

strategies with large short positions. Moreover,
the large short position may indicate a position
which is due to sampling errors, hence may shed
some light on the performance reported in Table 2
and on the importance of the imposed constraints
on the investment weights.

The left-hand side of the table reports the average
percentage of assets in short position. (Recall that
we have 100 samples drawn, and each strategy

yields a portfolio in each one of these cases).
For example, with 100 assets and the MV opti-
mization, on average 47.5 of the assets (which
in the 100 asset case is also equal to 47.5%) are
held in short positions, and 52.5 of the assets
are held long. Two phenomena emerge from this
part of the table: the percentage of assets in short
positions increases with the number of assets
under consideration, and for the 100 asset case
all methods yield a percentage of 38.3%–48.7%
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Figure 2 Sharpe ratios of the various strategies for
the 48 Fama–French industry portfolios. The best
strategies are GVBC, followed by VBC and homo-
geneous constraints. Notice that relative to the case of
100 individual stocks the optimal α levels are higher.
This is most likely due to the fact that the industry
portfolios are much less volatile than the individual
stocks, and the sampling errors are therefore smaller.

of the assets held short. This is consistent with the
results of Levy (1983) and Levy and Ritov (2011).
Thus, considering short positions as a deficiency,
it seems that for large portfolios all six strategies
suffer from this deficiency.

Table 4 Performance of the various strategies with the 48 Fama–French industry portfolios.

30 Return 60 Return 120 Return
observations observations observations

Method Sharpe Rank Sharpe Rank Sharpe Rank

GVBC 0.310 1 0.353 1 0.416 1
VBC 0.309 2 0.351 2 0.401 2
Homogeneous constraints 0.298 3 0.340 3 0.399 3
Resampling 0.265 5 0.284 4 0.284 6
Minimum variance no short 0.267 4 0.282 5 0.289 5
MV optimization no short 0.239 6 0.265 6 0.295 4
Naïve 0.189 7 0.191 7 0.189 10
Minimum variance −0.006 8 0.159 8 0.274 7
Bayes −0.009 9–10 0.007 9 0.257 9
MV optimization −0.009 9–10 −0.001 10 0.263 8

The investors observe a sample of T = 30/60/120 returns drawn from the true return distribution. In all three cases GVBC is ranked
first, VBC second, and the homogeneous constraints method is ranked third.

However, the right-hand side of the table is
more meaningful for examining the short position
effect, as it reports the percentage of the invest-
ment in short positions rather than the percentage
of the number of assets in short position. Here
we obtain large differences among the various
methods. For example, with the MV optimization,
for each $1 investment we have $13.10 in short
position (and therefore $14.10 in long position).
Thus, the short position in this case is 1,310%.
These extreme weights explain the low Sharpe
ratios of the MV optimizer, Bayes method, and
the minimum variance portfolio. With the three
constraints methods the short positions are much
smaller, and are less than 100%. Short positions
are lowest in the GVBC method.

In order to examine how the different strategies
compare when the assets are themselves portfo-
lios, rather than individual stocks, we apply the
analysis to the set of 48 Fama–French industry
portfolios. The results are shown in Figure 2 and
Table 4. Figure 2 shows the Sharpe ratios when
the sample observed by the investor consists of
T = 120 periods, (the same as in the preceding
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100-stock case). In Table 4 we also report the
performance with T = 60 and T = 30 obser-
vations. Obviously, the lower T , the larger the
estimation errors and the lower the Sharpe ratio
for all strategies, except for the naïve strategy
which does not dependent on the sample at all.
It is interesting that the ranking is relatively sta-
ble across the different values of T : GVBC is first,
VBC is second, and the homogeneous constraints
method is third in all cases. This is very similar to
the results obtained for the 100 stocks. Figure 2
shows that performance is best for values of α that
are higher than in the case of individual stocks.
The optimal value is in the range 15%–20%. This
is most likely due to the fact that the industry port-
folios are less volatile than individual stocks: the
average industry portfolio monthly standard devi-
ation is 5.5%, compared to an average of 8.8% for
individual stocks. This lower volatility implies
lower estimation error, and thus one does better
with looser constraints in this case.

6 Conclusion

The MV rule is the most commonly employed
portfolio decision rule, in both academic research
and in practical investing. A central problem
in the practical implementation of this rule is
that of parameter estimation errors, and there-
fore many methods have been developed to deal
with these errors. Levy and Levy (2013) suggest
two new portfolio optimization methods that are
extensions of the homogeneous constrained opti-
mization method: the Variance-Based Constraint
(VBC) method and the Global Variance-Based
Constraint (GVBC) method. The idea behind the
VBC method is straightforward: for assets with
relatively high variances the parameter estima-
tion errors are relatively large, hence the potential
economic loss induced by sampling errors is rel-
atively large. Therefore, the higher the asset’s
variance, the tighter the constraint imposed on
the asset’s weight. Put differently, we have more

confidence in the parameters of assets with lower
sample variances, and therefore we allow the
weights of these assets to deviate more from the
“zero information” benchmark of the naïve 1/N
weight.

The advantage of the GVBC method relative to
VBC is that rather than imposing a sharp boundary
constraint on the weight of each asset, it assigns
a quadratic cost to any deviation from the naïve
weight, depending again on the variance, and it
imposes a single global constraint on the total
cost for all assets. This allows imposing looser
constraints on assets that contribute more to the
Sharpe ratio. It is important to emphasize that
in the homogeneous constraints method and in
the VBC method the mean returns of the vari-
ous assets play no role in the optimization if the
constraints are binding. In contrast, in the GVBC
method, as there is a global constraint rather than
a specific constraint on each asset, the higher
the mean of an asset, other things being kept
equal, the higher the weight of the asset. This
gives an edge to the GVBC method over the other
methods.

In this paper we employ the cornerstone mean–
variance framework, and thus we take the
investor’s objective function as the maximiza-
tion of her portfolio’s Sharpe ratio. However, the
same logic of constraining an asset’s portfolio
weight based on the asset’s variance is general and
applies to other frameworks as well. For exam-
ple, in the four-factor framework the investor’s
objective function may be the maximization of
the portfolio’s excess return α relative to the
portfolio’s factor exposures. In this framework,
determining the portfolio weights depends on
the estimation of the individual asset parameters,
which are again subject to estimation error. Thus,
here too, the investor can benefit by imposing con-
straints on portfolio weights. The main point of
this paper is that one would want to impose the
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most stringent constraints on the assets with the
highest volatilities, for which the sampling errors
are the largest.

We compare the performance of 10 commonly
employed optimization methods: the uncon-
strained MV optimizer, no-short MV optimizer,
minimum variance portfolio, no-short minimum
variance portfolio, naïve optimization, resam-
pling, Bayes method, homogeneous constraints
on portfolio weights, VBC, and GVBC. We find
that the constrained optimization methods out-
perform the other methods. The best results are
obtained with the GVBC method. These results
are robust to the length of the observed sample
period, and the set of assets considered. The dif-
ferences between the various methods are most
pronounced when the number of assets is large.

It is well known that imposing no-short con-
straints typically improves performance. This is
certainly true for the MV optimizer and the mini-
mum variance portfolio, methods that yield very
extreme short positions if they are unconstrained.
However, we find that the VBC and GVBC meth-
ods work best without imposing the additional
no-short constraint. These methods yield rela-
tively small short positions, and these moderate
positions enhance portfolio performance. In situ-
ations in which the no-short constraint is legally
imposed, the VBC and GVBC methods can be
employed with this additional constraint.

Frost and Savarino’s (1988) classic title is:
“For Better Performance: Constrain Portfolio
Weights”. The main message of this study is an
addition of three words to this title: For Better
Performance: Constrain Portfolio Weights Dif-
ferentially and Globally. As the application of
our suggested methods is simple to implement,
we hope they will be adopted by professional
investors, and lead to an improvement in invest-
ment performance.

Notes
1 The Babylonian Talmud recommends: “Man should

always divide his wealth into three parts: one-third in
land, one-third in commerce and one-third retained in
his own hands” (Baba Metzia 42a), see also Levy and
Sarnat (1972, p. 3).

2 The average standard deviation of the six assets given
in Table 1 is σ̄ = 9.33%, thus the constraint on the
first four stocks, with σ = 8%, is |xi − 1

N
| ≤ α σ̄

σi
=

2 9.33
8 = 2.33%. The constraint on the last two stocks,

with σ = 12%, is |xi − 1
N

| ≤ α σ̄
σi

= 2 9.33
12 =

1.55%. Accordingly, the weights of the last two stocks
are 16.67% + 1.55% = 18.22%, and the weight of
stock 4 is 16.67% + 2.33% = 19%. Note that in
addition to the individual constraints on each of the
stocks, we also have the constraint

∑6
i=1 xi = 1. This

means that the total positive deviations from 1/N must
be balanced with the total negative deviations. In this
example, the direct constraints on the positive devia-
tions (stocks 4–6) are more stringent than the constraints
on the negative deviations (stocks 1–3), because of the
higher standard deviations of stocks 5 and 6. Thus,
the effective constraint on the first three stocks is not
|x − 16.67| ≤ 2.33, but rather the combination of the
constraint

∑6
i=1 xi = 1 plus the constraints on stocks

4–6.
3 In fact, we find that the Bayes method always yields

results very close to that of the MV optimizer. This can
be interpreted in the following way. The Bayes method
adds to the sample variance a correction term which is the
variance of the sample mean across samples (and simi-
larly for covariances, see Equations (7)–(9) in Markowitz
and Usmen, 2003). The variance of the sample mean is
σ2/T , where T is the sample size. Thus, the correction
to the variance is of order 1/T , which is typically very
small. For example, with T = 100 observations the cor-
rection to the sample variance is only 1% of the sample
value. Hence, the Bayes weights are very similar to the
MV optimizer weights.
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