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MEASURING PORTFOLIO PERFORMANCE: SHARPE,
ALPHA, OR THE GEOMETRIC MEAN?

Moshe Levya

The most popular portfolio performance measures are the Sharpe ratio and alpha. While
the Sharpe ratio is optimal under the capital asset pricing model (CAPM) assumptions of
normal return distributions and unlimited borrowing at the risk-free rate, we find that it
is not well aligned with investors’ preferences in more realistic settings. Alpha is a poor
measure under both the theoretical and the realistic settings. For investors with typical
borrowing constraints, the geometric mean provides an alternative measure that is much
better than both the Sharpe ratio and alpha. It may very well be the most important single
number to consider in portfolio selection.

1 Introduction

Given a set of mutual funds to choose from,
the optimal choice depends in general on the
investor’s preference. Sharpe’s (1966, 1994) sem-
inal work shows that if returns are normally
distributed and unlimited borrowing at the risk-
free rate is possible, there is a unique perfor-
mance measure, the Sharpe ratio, that is perfectly
aligned with the expected utility for all risk-averse
investors. Namely, if Fund A has a higher Sharpe
ratio than Fund B, then all risk-averse investors,
regardless of their exact preferences, will achieve
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higher expected utility by choosing Fund A, and
potentially borrowing or lending at the risk-free
rate.1 This result is of central importance, as it pro-
vides a unique optimal ranking of funds, a simple
measure of portfolio performance, and sets a clear
objective function for the fund manager. Indeed,
the Sharpe ratio is probably the most widely used
measure of fund performance among academics
and practitioners alike.2

While it is clear that the assumptions underlying
the optimality of the Sharpe ratio are unrealistic,
the Sharpe ratio is nevertheless widely perceived
as the best available performance measure. The
goal of this paper is to examine this perception:
How well does the Sharpe ratio work with realistic
borrowing constraints and return distributions? Is
there a better alternative?
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Measuring Portfolio Performance 7

Many studies have shown that the empirical return
distributions deviate from the normal distribu-
tion in a statistically significant manner. However,
it has been argued that in a portfolio selection
context the economic loss incurred by assuming
normality is economically very small (Levy and
Markowitz, 1979; Kroll et al., 1984; Simaan,
1993). In line with these studies, we also find
that the Sharpe ratio is almost perfectly aligned
with investors’ expected utilities even when the
empirical (non-normal) return distributions are
employed, as long as unlimited borrowing at the
risk-free lending rate is possible.

In contrast, replacing the assumption of unlim-
ited borrowing at the risk-free lending rate with a
more realistic setting has a dramatic effect on the
usefulness of the Sharpe ratio. Federal Reserve
Regulation T restricts borrowing to the level of
the investor’s own initial capital, i.e. an investor
with $1,000 of his own capital can borrow only up
to $1,000. In practice, investors typically restrict
themselves to much lower borrowing levels. For
example, Fortune (2000) reports that the aggre-
gate debt is below 10% of the aggregate customer

assets, for all brokers examined. For major bro-
kers such as Merrill Lynch, Paine Webber, and
Charles Schwab, this figure is below 2.5%. Fur-
thermore, the relatively few investors who do
borrow restrict themselves to levels of debt that
are typically only 50% of the maximum allowed
by Regulation T, i.e. at 50% of their initial capi-
tal. The likely reason for this is that, in contrast
to the assumptions behind the Sharpe ratio (and
the CAPM), the interest rate paid on loans is typ-
ically much higher than the risk-free lending rate,
and increases with the size of the loan (see, for
example, Saunders and Schumacher, 2000).

When borrowing is limited, and the borrowing
rate is higher than the lending rate, the Sharpe
ratio may lead to sub-optimal choices. Figure 1
illustrates such a case: FundAhas a higher Sharpe
ratio than Fund B; thus, if borrowing is unlim-
ited and the borrowing rate is equal to the lending
rate, then Fund A yields a higher expected utility.
However, when borrowing is limited and the bor-
rowing rate is higher than the lending rate, Fund
B may certainly yield higher expected utility than
Fund A, as illustrated by the figure. This is a point

Figure 1 When borrowing is limited, and the borrowing rate is higher than the lending rate, the Sharpe ratio
may lead to wrong choices: Fund A has a higher Sharpe ratio, but Fund B yields a higher expected utility. The
curved lines are equal-expected-utility lines for a hypothetical investor.
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powerfully made by Markowitz (2005). In this
realistic setting there is no longer a single perfor-
mance measure that is perfect for all investors: it
is certainly possible that Fund A is better for one
investor, while Fund B is better for another. Still,
it is extremely important to have a good portfo-
lio performance measure, albeit an imperfect one,
for at least three reasons:

1. Fund selection: investors typically do not
know their utility functions, and may be unable
to intuitively optimize when faced with a large
number of potential funds to choose from.
A good performance measure allowing for
a simple ranking of funds is thus of great
importance.

2. Fund manager evaluation: according to what
criteria should fund managers be compen-
sated? And closely related to this issue:

3. Setting the target objective function for the
manager—setting a target that is closely
aligned with the investors’ preferences moti-
vates the manager to take actions that maxi-
mize his investors’ welfare.

How well does the Sharpe ratio perform when
borrowing is realistically constrained and is at a
higher rate than the lending rate? We empirically
find that the Sharpe ratio provides a ranking of
funds that is typically very different than the rank-
ing by the investor’s expected utility, and that the
economic loss implied by choosing a fund based
on the Sharpe ratio is very substantial.

Another central problem of the Sharpe ratio is that
it produces a ranking that is horizon-dependent
(Levy, 1972; Levhari and Levy, 1977). If Sharpe
ratios are calculated using monthly returns (as
is typically done), but the investor’s horizon is,
say, 10 years, selecting the fund with the highest
monthly Sharpe ratio may lead to a sub-optimal
choice, even if unlimited borrowing at the lending
rate is possible.

Another very popular performance measure
employed for fund selection is alpha, initially
suggested by Jensen (1968) in the context of
the CAPM, and later extended to multiple-factor
models. However, it is important to note that alpha
is even theoretically not intended as a measure
for fund selection, but rather only as a guide for
marginal adjustments of portfolio weights rel-
ative to the benchmark portfolio. Even in this
regard, alpha is quite problematic, because it is
not a good guideline when the adjustments to
portfolio weights are small but not infinitesimal
(Levy and Roll, 2015).3 It is thus not surprising
that alpha does poorly as a performance measure
in the context of fund selection.

Is there a better alternative to the Sharpe ratio
and alpha? We find that the Geometric Mean
(GM) constitutes such an alternative. The GM has
several attractive theoretical properties. First, it
coincides with the expected utility of a Bernoulli
investor with logarithmic utility. Thus, the fund
with the maximal GM is always included in the
Second-degree Stochastic Dominance (SSD) effi-
cient set (Levy, 2015). Thus, choosing the fund
with the maximal GM cannot lead to absurd
Stochastic Dominance violations that are possi-
ble with the Sharpe ratio.4 Second, the GM can
be approximated as a function of the mean and
variance, increasing in the mean and decreas-
ing in the variance: GM ∼= µ − σ2

2 , where
µ is the mean and σ2 the variance (Young and
Trent, 1969; Markowitz, 2012). Thus, the fund
with the maximal GM is typically on, or close
to, the mean–variance efficient frontier. Expand-
ing the GM approximation to higher moments
reveals that it is increasing in skewness, conform-
ing with the skewness-loving of most standard
preferences (Levy, 2015). Finally, if returns are
i.i.d. and the horizon approaches infinity, the
fund with the highest GM almost surely yields
a higher terminal wealth than any other fund.
This has led several scholars to suggest that the
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GM is the most relevant performance measure
(Kelly, 1956; Latane, 1959; Markowitz, 1976),
while others show that GM maximization is not
perfectly aligned with expected utility maximiza-
tion for constant relative risk aversion (CRRA)
investors unless α = 1, i.e. unless preferences
are logarithmic (Samuelson, 1971; Merton and
Samuelson, 1974). The purpose of this paper
is not to rekindle this theoretical debate about
investment for the very long run. Rather, we wish
to examine the value of the GM as an approxi-
mate measure of investors’ expected utilities in
a realistic setting with limited borrowing, even
when the horizon is not necessarily long. We find
that the GM provides a much better measure than
the Sharpe ratio in this setting. Moreover, under
the assumption of i.i.d. returns it provides a rank-
ing that is horizon-independent, which is another
advantage relative to the Sharpe ratio.

The findings of this paper suggest that the geo-
metric mean has key advantages over the Sharpe
ratio (and certainly over alpha) as a portfolio per-
formance measure. We therefore believe that it
is a very important measure that should be at the
focus of the investor’s attention when selecting a
fund.

2 Data and methodology

When the borrowing rate is higher than the
lending rate, different investors may rank funds
differently. Thus, there is no single performance
measure that perfectly reflects the preferences of
all investors. Our goal is to examine which per-
formance measure is best aligned with investors’
preferences, i.e. we are searching for the best
single-number measure for ranking funds. We
investigate this issue by looking at a large num-
ber of funds with known return distributions,
and comparing the fund ranking obtained by
direct expected utility maximization (choosing
the optimal asset allocation between each fund
and the risk-free asset) with the ranking by

the candidate performance measure. The more
aligned the two rankings, the better the perfor-
mance measure. We examine the rank-correlation
between the two rankings, the probability that
the performance measure leads to a choice that is
sub-optimal in terms of expected utility, and the
certainty-equivalent loss induced by these cases.
We perform this analysis for the main preferences
suggested in the literature. The performance mea-
sures we examine are the Sharpe ratio, alpha, and
the geometric mean.

We should note that our analysis takes the return
distributions as known. The problem of estima-
tion error is certainly an important one, but it
applies to all the performance measures consid-
ered. Given that the ex-ante return distributions
are unavailable in practice, virtually all fund rank-
ings are based on ex-post returns, and this is also
the approach employed here. This is not to imply
that the ex-post return distribution is necessar-
ily the best estimate of the ex-ante distribution,
just that the empirical distribution provides a
reasonable example of realistic return moments.

Given a fund with a return distribution (R1, p1;
R2, p2; . . . , RN, pN), where R denotes the total
return and p denotes the corresponding probabil-
ity, the expected utility of an investor investing a
proportion x in the fund and a proportion 1 − x in
the risk-free asset is given by:

EU(x) =
N∑

i=1

piU[W0(xRi + (1 − x)Rf )], (1)

where W0 is the investor’s initial wealth, and Rf is
the total risk-free return (i.e. 1+rf ). The investor
chooses the optimal asset allocation x∗ so as to
maximize EU(x).

In the setting under which the Sharpe ratio was
developed, there are no restrictions on x, and the
same risk-free rate Rf applies to borrowing and
to lending. In a more realistic setting, borrowing
is limited by Regulation T to 100% of the initial
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wealth, i.e. x < 2. In addition, different risk-free
rates apply for borrowing and for lending:

Rf =
{

RL
f if x < 1, lending

RB
f if x > 1, borrowing

,

with RB
f > RL

f . For a given utility function U, we
calculate the maximal expected utility EU(x∗) for
each fund, and compare the ranking by expected
utility with the ranking by the various candidate
performance measures.

The fund’s Sharpe ratio is given by
∑N

i=1 piRi−RL
f

σ(R)
.

Note that this conforms with the practice of
employing the risk-free lending rate for calculat-
ing the Sharpe ratio. For each fund we also report
its Fama–French 5-factor alpha, calculated from
monthly returns, and its geometric mean, given
by GM = ∏N

i=1 R
pi

i .

The funds we use in our analysis are all U.S.
domestic equity funds in the CRSP Survivor-
Bias-Free Mutual Fund Database, with complete
monthly return records over the 10-year July
2005–June 2015 period.5 There are 10,145 funds
in our sample. Choosing funds with complete
return record introduces a selection bias, however,
this bias is immaterial to the question addressed
in this paper, and indeed, the results are almost
identical when funds with incomplete records are
also included in the analysis. The empirical return
distributions are used, i.e. an equal probability of
pi = 1

120 is assigned to each one of the 120 his-
torical monthly returns, in line with the standard
practice in most applications. The risk-free lend-
ing rate, and the Fama–French 5-factor returns
(Fama and French, 2016) are taken from Ken
French’s data library.6 Saunders and Schumacher
(2000) report that the average banks’ interest rate
margins in the U.S. in 1995 was 4.2%. In January
2016 the prime rate in the U.S. was 3.5%, while
the interest rate on deposits was very close to zero.
To be conservative, we take the annual borrowing
rate as 3.5% higher than the lending rate. For the

July 2005–June 2015 period these average rates
areRL

f = 0.82% andRB
f = 4.32%. We also report

results for other values of the difference between
the borrowing and lending rates.

3 Results

Let us first consider the theoretical case where
there are no limitations on borrowing, and the
borrowing rate is equal to the lending rate. In
this case, and if the return distributions are nor-
mal, the Sharpe ratio is the optimal performance
measure for all investors who prefer more over
less, risk-averters and risk-seekers alike (Levy
and Levy, 2004; Levy et al., 2012). Figure 2
shows the expected utility of a CRRA investor,
U(W) = W1−α

1−α
, with a typical relative risk-

aversion parameter of α = 1.5 as a function of
the Sharpe ratio, for each one of the 10,145 funds
in our sample (we later consider CRRA prefer-
ences with other values of α, as well as other
preference classes).7 The alignment between the
Sharpe ratio and expected utility is almost perfect:
the Spearman rank-correlation is 0.998.

When selecting a fund, investors typically con-
sider a limited menu of funds. Suppose that the
investor is presented with a menu of 10 funds,
and he chooses the fund with the highest Sharpe
ratio. What is the probability that the fund cho-
sen is not the one that actually maximizes his
expected utility? If the 10 funds are randomly
selected,8 the answer is 7.7%, and the average
certainty-equivalent loss, on an annual basis, is
only 0.04% (these are the average results for 1,000
random 10-fund sets).9 Thus, in the unrealistic
case of unlimited borrowing at the lending rate,
the Sharpe ratio is an excellent performance mea-
sure, even though the distributions employed are
the empirical ones, and are obviously not nor-
mal. This is consistent with the findings of Levy
and Markowitz (1979), Kroll et al. (1984), and
Simaan (1993), who show that in the context of
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Measuring Portfolio Performance 11

Figure 2 The relationship between expected utility and the Sharpe ratio when borrowing is unlimited, and the
borrowing rate is equal to the lending rate.

portfolio selection, assuming normality typically
implies only a very small economic loss. Table 1
provides the median parameters of the mutual
fund return distributions, and shows that for the

Table 1 The median parameters of the monthly
return distributions. The Jarque–Bera normality test
is employed.

Mutual Hedge
funds funds

Mean 0.59% 0.49%
Standard deviation 4.32% 4.38%
Skewness −0.75 −0.57
Kurtosis 5.33 5.34
Percentage of funds for which

normality if rejected at the 1%
significance level

90.6% 91.9%

Percentage of funds for which
normality if rejected at the 5%
significance level

97.1% 97.2%

Percentage of funds for which
normality if rejected at the
10% significance level

98.2% 98.5%

vast majority of funds normality can be rejected
even at the 1% significance level. Still, our
results indicate that the fact that the distributions
are not normal does not substantially hinder the
performance of the Sharpe ratio.

Let us now turn to the realistic case where borrow-
ing is limited to 100%, and the borrowing rate is
higher than the lending rate, as detailed above.
Figure 3 shows the relationship between the
Sharpe ratio and the expected utility in this case.
The rank-correlation drops from 0.998 to only
0.372. If the investor is presented with a menu
of 10 randomly selected funds and he chooses the
one with the highest Sharpe ratio, in 82.5% of
the cases this fund is not the fund that actually
maximizes his expected utility, i.e. in 82.5% of
the cases the Sharpe ratio leads to a sub-optimal
choice. The average annual certainty-equivalent
loss induced by these cases is 4.22% (again, aver-
aged over 1,000 random 10-fund sets). When the
menu of funds to choose from consists of 100
randomly drawn funds, the Sharpe ratio leads
to a sub-optimal choice in 98% of the cases,
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12 Moshe Levy

Figure 3 The relationship between expected utility and the Sharpe ratio when borrowing is limited, and the
borrowing rate is higher than the lending rate.

Figure 4 The relationship between the Fama–French 5-Factor alpha and the expected utility. The Spearman
rank-correlation is 0.188.

and the average annual certainty-equivalent loss
is 9.24%. Thus, employing the Sharpe ratio for
fund selection with realistic borrowing conditions
induces a very significant economic loss.

Figure 4 presents the same analysis, but when
the performance measure employed is the Fama–
French 5-factor alpha.10 The figure reveals that
the 5-factor alpha is not better than the Sharpe

Journal Of Investment Management Third Quarter 2017

Not for Distribution



Measuring Portfolio Performance 13

ratio. In fact, the correlation between the expected
utility and the 5-factor alpha is even lower, at
0.188. If the investor is presented with a menu of
10 randomly selected funds and he chooses the
one with the highest 5-factor alpha, this fund is
not the fund that actually maximizes his expected
utility in 69.8% of the cases. The average annual
certainty-equivalent loss induced by employing
alpha is 2.61%. These are rather bleak results
about the usefulness of the Sharpe ratio and alpha
in a setting with realistic borrowing conditions.

In contrast to the above results, the GM performs
much better: Figure 5 depicts the relationship
between expected utility and the GM. The rank-
correlation is 0.974. If the investor is presented
with a menu of 10 randomly selected funds and
he chooses the one with the highest GM, this
fund is not the fund that actually maximizes his
expected utility in only 18% of the cases. The
average annual certainty-equivalent loss induced
by employing the GM instead of direct expected
utility maximization is only 0.15%. This is 28
(!) times lower than the average loss induced by

employing the Sharpe ratio, and 17 times lower
than the loss induced by employing alpha.

As a robustness check, Figure 6 shows the same
analysis for hedge funds, rather than mutual
funds. In this analysis all U.S. hedge funds in
the Thompson-Reuters database with complete
monthly return records over the July 2005–June
2015 period are employed. Again, the results
are almost identical when funds with incomplete
records are also included. The results are for the
case of realistic borrowing, and the CRRA util-
ity function with α = 1.5. The figure reveals
that the GM is better aligned with expected util-
ity than both the Sharpe ratio and 5-factor alpha.
For the sake of brevity, in what follows we
report results only for mutual funds, but the
corresponding results for hedge funds are very
similar.

The source of the problem of using the Sharpe
ratio when borrowing is limited is illustrated by
Figure 7. This figure shows all of the mutual
funds in our sample on the mean–variance plane

Figure 5 The relationship between the geometric mean and the expected utility. Borrowing is limited, and the
borrowing rate is higher than the lending rate. The Spearman rank-correlation is 0.974.
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(A) (B)

(C)
Figure 6 Hedge fund data with realistic borrowing. The expected utility is for a CRRA investor with α = 1.5.
Panel A: The relationship between the Sharpe ratio and the expected utility–Spearman rank-correlation of 0.36.
Panel B: The relationship between the 5-factor alpha and the expected utility–Spearman rank-correlation of
0.42. Panel C: The relationship between the geometric mean and the expected utility–Spearman rank-correlation
of 0.96.

(with monthly parameters). The top 10 funds by
the Sharpe ratio are depicted by hollow circles,
and the top 10 funds by the GM are depicted by
stars. The figure reveals that the Sharpe ratio is
typically more sensitive to the standard devia-
tion that appears in its denominator, while the
GM is more sensitive to the average return. If
unlimited borrowing at the lending rate would
have been possible, the top Sharpe funds would
clearly dominate the top GM funds: one could

lever-up the Sharpe funds and obtain portfolios
on the straight line directly above the GM funds-
portfolios with the same standard deviation as the
GM funds, but with a higher mean. However, as
the figure reveals, this would require leverage of
hundreds of percent, which is clearly unrealis-
tic. When such leverage is not possible, many
investors would be better off in terms of expected
utility with the GM funds, as the results so far
have indicated.
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Figure 7 The funds in the mean-standard-deviation plane. The top 10 funds by the Sharpe ratio are depicted
by hollow circles. The top 10 funds by the GM are depicted by stars.

There are two differences between the theoreti-
cal borrowing setup of the CAPM and realistic
borrowing: (i) the fact that the borrowing rate is
higher than the lending rate, and (ii) the direct
constraint on the maximal amount of borrow-
ing (Reg T). We analyze the effect of each of
these factors separately, and display the results
in Figure 8. Panel A of the figure shows the
correlation between the expected utility and the
Sharpe ratio, alpha, and the GM, as a function
of the difference between the annual borrowing
and lending rates, RB

f − RL
f , where there is no

direct restriction on the amount of borrowing. For
the Sharpe ratio, RB

f − RL
f = 0 corresponds to the

case shown in Figure 2 – the correlation is very
high (0.998, as reported above). The correlation
between the Sharpe ratio and the expected util-
ity decreases monotonically with the difference
between the borrowing and lending rates, and
it levels-off at a value of about 0.4. In contrast,
the correlation between the GM and the expected

utility increases with the difference between the
borrowing and lending rates. The figure reveals
the crossover point at which the GM becomes a
better performance measure than the Sharpe ratio:
it is at RB

f − RL
f = 1.6%. An investor who pays

an annual borrowing rate that is 1.6% or more
higher than the lending rate should employ the
GM rather than the Sharpe ratio, even if there are
no restrictions on borrowing (Panel A). Alpha is
always inferior to the Sharpe ratio.

Panel B of Figure 8 shows the correlation as a
function of the limit on the maximal borrowing,
where it is assumed that the borrowing rate is
equal to the lending rate. The limit on borrowing is
expressed as a percentage of the initial capital, i.e.
100% means borrowing an amount equal to the
investor’s own initial capital and investing 200%
of the initial capital in the fund, i.e. 100% corre-
sponds to the constraint imposed by Reg T. When
there are no restrictions at all on borrowing, the
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(A) (B)
Figure 8 The correlation between the expected utility of a CRRA investor with relative risk aversion of 1.5
and the three performance measures, as a function of the annual difference between the borrowing rate and the
lending rate, with no borrowing constraints (Panel A), and as a function of the borrowing constraint, when the
borrowing rate is assumed to be equal to the lending rate (Panel B).

Sharpe ratio is the optimal performance measure.
The tighter the borrowing constraint, the worse
the Sharpe ratio becomes. In contrast, the perfor-
mance of the GM declines as maximal borrowing
level increases. This is because one can obtain bet-
ter portfolios by leveraging-up the funds with the
highest Sharpe ratios, as illustrated in Figure 7.
The crossover between the Sharpe ratio and the
GM occurs at approximately 120%: an investor
who is restricted to borrow less than 120% of his
capital, should employ the GM, even if he bor-
rows at the lending rate. In the realistic case where
both effects are present, i.e. borrowing is limited
and it is at a rate higher than the lending rate, the
advantage of the GM becomes even larger.

The results so far are for a specific utility function:
CRRA preferences with relative risk-aversion
parameter α = 1.5. It turns out that these results
are quite typical for other preferences as well.
Panel A of Figure 9 shows the rank-correlation
between the Sharpe ratio and the expected util-
ity for CRRA preferences with different values of
the relative risk-aversion parameter, α (thin line).

The bold line shows the rank correlation between
the GM and the expected utility. The empirical
evidence suggests that the relevant range for α

is between 1 and 2 (see Arrow, 1971; Tobin and
Dolde, 1971; Friend and Blume, 1975; Kydland
and Prescott, 1982). The thin line in Panel B of
the figure shows the average annual certainty-
equivalent loss when the investor is presented
with a menu of 10 funds and he chooses the fund
with the highest Sharpe ratio (rather than choos-
ing by direct expected utility maximization). The
bold lines show the results corresponding to
the choice of the fund with the highest GM.
Notice that the Sharpe ratio does better as risk-
aversion increases, because the more risk-averse
the investor, the less relevant borrowing becomes.
The numbers in parentheses indicate the optimal
leverage in the portfolio with the maximal Sharpe
ratio for the values α = 0.5, 1, 1.5, 2 and 2.5. The
higher the relative risk aversion, the lower the
leverage, and therefore the lower the cost induced
by employing the Sharpe ratio. Even so, the GM is
clearly superior to the Sharpe ratio over the entire
range of relevant risk-aversion values.
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(A) (B)
Figure 9 The performance of the Sharpe ratio and the geometric mean for different values of the relative
risk-aversion parameter. Panel A shows the Spearman rank-correlation between the performance measure and
the expected utility. Panel B shows the average annual certainty-equivalent loss when one fund is selected out of
a random set of 10 funds by the performance measure. The numbers in parentheses indicate the optimal leverage
employed with the fund with the maximal Sharpe ratio (averaged over all 1,000 10-fund sets). As risk-aversion
increases, the leverage decreases, and thus the error induced by employing the Sharpe ratio decreases.

(A) (B)
Figure 10 The relationship between expected utility and the performance measures when borrowing is limited,
and the borrowing rate is higher than the lending rate for negative exponential utility with initial wealth W0 =
1 and b = 0.1. Panel A: the Sharpe ratio −– rank-correlation = 0.086. Panel B: the Geometric Mean −–
rank-correlation = 0.969.

Another utility function commonly employed in
the literature is the negative exponential. Panel
A of Figure 10 shows the relationship between
the Sharpe ratio and the expected utility for an
investor with negative exponential utility with

initial wealth W0 = 1 and an absolute risk-
aversion parameter of b = 0.1. Panel B shows the
corresponding relationship between the GM and
the expected utility. The probability of choosing
a sub-optimal fund from a menu of 10 funds, and
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Table 2 Performance of the Sharpe ratio, 5-factor alpha, and the GM for various preferences.

Sharpe 5-Factor alpha Geometric mean

Wrong Certainty- Wrong Certainty- Wrong Certainty-
choice* equivalent choice* equivalent choice* equivalent

Preference Correlation (%) loss∗∗ (%) Correlation (%) loss∗∗ (%) Correlation (%) loss∗∗ (%)

CRRA
α = 0.5 0.173 88.5 8.65 0.034 74.2 5.64 0.995 0.7 0.00
α = 1.0 0.279 82.9 5.79 0.116 73.3 3.87 0.992 20.2 0.11
α = 1.5 0.372 82.5 4.22 0.188 69.8 2.61 0.974 18.0 0.15
α = 2.0 0.479 80.3 3.07 0.273 68.1 2.00 0.934 23.4 0.18
α = 2.5 0.586 78.6 2.36 0.365 67.4 1.54 0.873 34.2 0.26

Generalized CRRA α = 1.5
A = 0.5 0.429 79.7 3.58 0.286 65.4 2.31 0.969 19.6 0.15
A = 1 0.344 79.6 4.52 0.225 67.2 2.99 0.989 20.3 0.13
A = 2 0.277 82.3 6.35 0.176 67.0 4.20 0.995 11.9 0.07

Negative exponential
b = 0.01 0.058 89.6 11.29 0.056 71.8 7.01 0.957 19.2 0.23
b = 0.1 0.086 88.5 10.73 0.068 69.7 7.11 0.969 15.2 0.13
b = 1 0.302 82.9 5.71 0.195 66.7 3.55 0.993 16.3 0.13

For each of the performance measures and each preference, the table reports the Spearman rank-correlation between the expected utility
and the performance measure for all funds. The table also reports the probability that choosing the fund with the highest ranking according
to the performance measure, out of a menu of 10 randomly selected funds, leads to a choice that is sub-optimal by expected utility,
and the average annual certainty-equivalent loss induced by these sub-optimal choices. 1,000 random 10-fund sets are drawn for each
preference.
∗A set of 10 funds is randomly selected. The investor chooses the fund that is ranked first among the 10 according to the performance
measure considered (Sharpe, alpha, or the GM). Wrong choice indicates the percentage of times (averaged over 1,000 sets of 10 funds)
that the fund chosen is not the fund that actually maximizes the investor’s expected utility (among the 10).
∗∗In the cases that the wrong fund is selected, as explained above, a certainty-equivalent loss is induced. The average annual certainty-
equivalent loss is calculated as detailed in Endnote 9.

the average certainty-equivalent loss induced by
such suboptimal choices are reported in Table 2.
The table also reports these values, and the rank
correlation, for other values of the absolute risk-
aversion parameter, b. Also reported in the table
are the results for the generalized power util-

ity function, U(W) = (W+A)1−α

1−α
, suggested by

Litzenberger and Rubinstein (1976), Kroll et al.
(1984), Samuelson (1989), and others. In all
cases, the GM is better than both the Sharpe
ratio and alpha by all three criteria considered:
the rank-correlation, the probability of choosing

a sub-optimal fund, and the certainty equivalent
loss relative to the optimal choice.

4 The investment horizon

The above results show that when borrowing is
limited, and is at a rate higher than the risk-
free lending rate, the Sharpe ratio and alpha are
very problematic as guidelines for fund selec-
tion. Another problem that arises when using the
Sharpe ratio is that the ranking by the Sharpe
ratio is sensitive to the investor’s planned horizon
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Figure 11 The relationship between the Sharpe ratio calculated with monthly returns, and the Sharpe ratio
calculated with 10-year returns. The ranking by the Sharpe ratio is not invariant to the horizon.

(Levy, 1972; Levhari and Levy, 1977). For exam-
ple, suppose that there are no restrictions on bor-
rowing, borrowing is at the lending rate, and
funds are ranked by the Sharpe ratio calculated
by using monthly returns (as is virtually always
done in practice). For an investor who has a
10-year horizon, the relevant ranking is by the
Sharpe ratio calculated by using 10-year returns.
Figure 11 shows the relationship between the
monthly Sharpe ratio and the 10-year Sharpe
ratio, which is obtained by randomly drawing
120 monthly returns from the empirical monthly
return distribution (with replacement), and sim-
ulating 1,000 10-year returns for each fund. It is
evident from the figure that even in the unreal-
istic case of unlimited borrowing at the lending
rate, employing the monthly Sharpe may lead
investors with a longer investment horizon to sub-
optimal choices. In contrast, the GM yields a
ranking that is independent of the investor’s hori-
zon for i.i.d. returns. Under i.i.d. returns, a fund’s
H-period geometric mean is GMH , where GM is
the 1-period geometric mean.11 Thus, the ranking

is independent of the horizon, H . This means that
the investor can safely employ the 1-period geo-
metric mean, regardless of his planned investment
horizon.

5 Conclusions

Under a theoretical setting with unlimited bor-
rowing at the same rate as the lending rate and
normal return distributions, the Sharpe ratio is
the optimal portfolio performance measure for all
investors who prefer more to less. This strong
result, as well as the simplicity and elegance of the
Sharpe ratio, has made it the most widely accepted
performance measure, by academics and practi-
tioners alike. It should be noted that even in this
theoretical setting one should make sure to use the
Sharpe ratio calculated based on returns match-
ing the investor’s planned holding period, as the
ranking by the Sharpe ratio is not invariant to the
holding period employed.

Of course, as most individuals who have taken
a loan know all too well, the borrowing rate is
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significantly higher than the lending rate. In addi-
tion, Federal Regulation T imposes a constraint
on the maximal level of borrowing.

This study shows that in a realistic setting with
limited borrowing at a rate higher than the lend-
ing rate the Sharpe ratio is not a good performance
measure: it often ranks funds differently than
the ranking by investors’ direct expected utility
maximization. Employing the Sharpe ratio as a
criterion for fund selection typically leads to a
large economic loss. Alpha, which is another very
popular performance measure, is even worse in
this regard.

Our analysis reveals that the geometric mean is
a superior alternative performance measure. It is
much better aligned with investors’ preferences
than the Sharpe ratio or alpha. This is true for a
wide range of preferences. In addition, the geo-
metric mean has the advantage of producing a
ranking that is invariant to the investment horizon
for i.i.d. returns.

Why does the geometric mean perform so well?
One reason is that it reflects the preferences of
the log utility function, and this turns out to
produce a good approximate ranking for other
preferences as well. The geometric mean is well-
approximated by a function of the mean and the
variance, increasing in the mean and decreas-
ing in the variance, and thus portfolios with
high geometric means tend to be close to the
mean–variance efficient frontier. Additionally,
the geometric mean points to the fund with the
highest growth rate. Over the long run, this fund
almost surely yields a higher terminal wealth than
any other fund. This paper shows that the strong
early intuitions of Kelly (1956), Latane (1959),
and Markowitz (1976) about the importance of
the geometric mean have great merit even when
the investment horizon is not very long.

The evidence in this paper suggests that the geo-
metric mean should play a much more central role
as a performance measure role than it currently
does. It may very well be the single most impor-
tant number to consider in evaluating portfolio
performance.
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Notes
1 It was later shown that this is true not only for risk-averse

investors, but also for all Prospect Theory investors as
well, and in fact, for any investor who prefers more to
less (Levy and Levy, 2004; Levy et al., 2012).

2 The popular Morningstar star rating, though based on a
somewhat different methodology, is very highly cor-
related with the Sharpe ratio (Sharpe, 1998). Most
academic studies employ the Sharpe ratio, alpha, or
both, to measure portfolio performance. For some
examples see Fama and French (2002), Phalippou and
Gottschalg (2009), Tu and Zhou (2011), Moskowitz
et al. (2012), and Barroso and Santa-Clara (2015).

3 Alpha can be employed as the excess return a manager
produces relative to the fund’s risk exposure. However,
Roll (1978) shows that in this setting performance is
very sensitive to the benchmark employed.

4 For example, consider Fund A that yields a return of
either 16% or 20% with equal probabilities, and Fund B
that yields either 20% or 40% with equal probabilities.
Assume for simplicity a risk-free rate of 0%. Then Fund
A yields a much higher Sharpe ratio than B (18/2 = 9
compared to 30/10 = 3), although Fund B clearly dom-
inates by First-order Stochastic Dominance (see also
Goetzmann et al., 2007). This absurd result does not
occur with the GM, as the GM of the total return of
Fund A is 1.1798 (or 17.98%), while the GM of Fund B
is 1.2961 (or 29.61%).

5 See Elton et al. (2001) for the pros and cons of this
database relative to the Morningstar database.

6 http://mba.tuck.dartmouth.edu/pages/faculty/ken.fren-
ch/data_library.html.
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7 We include in the analysis only the 10,019 funds with a
positive allocation to the fund, i.e. x∗ > 0 (i.e. all funds
with a mean return exceeding the risk-free lending rate,
seeArrow, 1971). For all funds with x∗ = 0 the expected
utility is the same – the expected utility from investing
100% at the risk-free lending rate.

8 In practice, the set of funds will likely not be chosen
at random, but rather, funds to be included in the menu
are pre-screened by various criteria. Thus, funds with
poor performance will typically not be included in the
menu. Our setup makes it “easier” for the performance
measure to pick the optimal fund, as the differences
in performance are typically larger than under the pre-
screening setup. This makes our criticism of the Sharpe
ratio when borrowing is limited even stronger.

9 The annual certainty-equivalent loss is calculated as
follows. If the investor chooses fund A, that has the
highest Sharpe ratio, while the fund that actually max-
imizes his expected utility is fund B, we calculate the
certainty equivalent for fund A, CEA, as the solution

to: U(CEA) = CE1−α
A

1−α
= EUA(x∗

A), where x∗
A is the

optimal asset allocation between fund A and the risk-
free asset, and the expected utility EUA(x∗

A) is given
by Equation (1), where without loss of generality we
take W0 = 1. Similarly, CEB is calculated for fund B.
CEB − CEA is the certainty-equivalent loss in monthly
terms. The annual certainty-equivalent loss is calculated
as (CEB)12 − (CEA)12.

10 To avoid confusion, we will use α for the relative risk-
aversion parameter, and spell out “alpha” for the 5-factor
alpha.

11 For a 1-period investment we have log(GM1−period) =
E[log(R)], where the right-hand side is the expecta-
tion of the 1-period log total returns. For the H-period
investment we have:

log(GMH−period) = E[log(R1R2 · · · RH)] = ∑H
i=1

E[log(Ri)], which under the assumption of i.i.d. returns,
becomes: log(GMH−period) = H · E[log(R)] = H ·
log(GM1−period), or, GMH−period = (GM1−period)

H .
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